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Abstract. — We prove Manin's conjecture for two del Pezzo surfaces of degree 
four which are split over Q and whose singularity types are respectively 3Ai and 
Ai + A2. For this, we study a certain restricted divisor function and use a result 
about the equidistribution of its values in arithmetic progressions. In this task, Weil's 
bound for Kloosterman sums plays a key role. 
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1. Introduction 

Let V C IP™ be a singular del Pezzo surface defined over Q and anticanonically 
embedded and let U C V be the open subset formed by deleting the lines from V. 
Manin's conjecture (FMT89j predicts the asymptotic behaviour of the number of 
rational points of bounded height on U, namely of the quantity 

(1.1) N UjH (B) = #{xeU(Q),H(x)<B}, 

where H : F n (Q) — > M>o is the exponential height defined for (xq, ■ ■ ■ ,x n ) 6 Z n+1 
such that gcd(xo, . . . , x n ) = 1 by 

H(xq x n ) = max{\xi\, < i < n}. 

More precisely, if V denotes the minimal desingularization of V, it is expected that 

(1.2) N UtH (B) = c v , H B\og{B)P- 1 {l+o{\)), 

where cy.H is a constant which has been given a conjectural interpretation from Peyre 
Pey95] and where p = p~ is the rank of the Picard group of V. 
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In this paper, we are interested in singular del Pezzo surfaces of degree four. These 
surfaces can be defined as the intersection of two quadrics in P 4 . Their classification 
is well-known and can be found in the work of Coray and Tsfasman [CT88] . Up to 
isomorphism over Q, there are fifteen types of such surfaces and they are categorized 
by their extended Dynkin diagrams, which describe the intersection behaviour of the 
negative curves on the minimal desingularizations (see for instance |Der061 Table 4]). 

From now on, we restrict our attention to surfaces which are split over Q. Manin's 
conjecture is already known to hold for seven surfaces of different types. Batyrev 
and Tschinkel have proved it for toric varieties |BT98j (which covers the three types 
4Ai, 2Ai + A2 and 2Ai + A3) and Chambert-Loir and Tschinkel have proved it for 
equivariant compactifications of vector groups |CLT02| (which covers the type D 5 ). 
In these two proofs, the conjecture follows from the study of the height Zeta function 

which is well-defined for 5J(s) 2> 1, using techniques coming from harmonic analysis. 
Let us note that for a certain surface of type D5, la Breteche and Browning have 
given an independent proof BB07]. Furthermore, they have proved the following 
result, which is much stronger than (|1.2|) . There exists a monic polynomial of degree 
5 = p — 1 such that for any fixed e > 0, 

(1.3) N U>H (B) = c VM BP(\og(B)) + O (B n / 12+e ) . 

Manin's conjecture has also been proved for three other surfaces, a surface of type 
D4 by Derenthal and Tschinkel |DT07) . a surface of type Ai + A3 by Derenthal 
|Der09) and a surface of type A4 by Browning and Derenthal |BD09j . These proofs 
are intrinsically very different from those using harmonic analysis. They use a passage 
to universal torsors, which consists in defining a bijection between the set of points 
to be counted on U and a certain set of integral points on an afnne variety of higher 
dimension. This can be done using only elementary techniques (see section I4TT1 for an 
example) . 

The aim of this paper is to give a proof of Manin's conjecture for two other surfaces 
which are split over Q. The first, V\ C P 4 , has singularity type 3Ai and is defined as 
the intersection of the two quadrics 

XqX\ — x\ = 0, 

x\ + X\X2 + X3X4 = 0. 

We denote by Ui the complement of the lines in V\ and Nu 1 ,h{B) is defined as in 
(jl.ip . There are six lines on V\ and they are given by xi — X2 = xj = and 
xq + X2 = x\ + X2 = Xj = for i e {0, 1} and j £ {3,4}. The three singularities of 
Vi are (1 : : : : 0), (0 : : Oj 1 : 0) and (0 : : : : 1). We see that V x is 
actually split over Q and thus, if Vy denotes the minimal desingularization of V%, the 
Picard group of V\ has rank p\ = 6. The universal torsor we use is an open subset of 
the hypersurface embedded in A 9 ~ Spec (Q[r)i, . . . , 779]) and defined by 

(1-4) W + liW + W = 0. 

Note that the two variables 772 and 773 do not appear in the equation. 

The second surface V2 C P 4 has singularity type Ai + A2 and is defined as the 
intersection of the two quadrics 

x xi — x 2 x 3 = 0, 
X1X2 + X2X4 + X3X4 = 0. 
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The open subset U%, Njj 2 ,h{B) and V2 are denned in a similar way. There are also 
six lines on V2 and they are given by cc, = X2 — Xj = for i £ {0, 1} and j £ {3, 4}, 
x\ = X3 = £4 = and xq — X3 = x\ + £4 = 0. The two singularities of V% are 
(1:0:0:0:0) and (0 : : : : 1), of type A 2 and Ai respectively. Just as before 
we have P2 — 6. In this case, the universal torsor we use is an open subset of the 
hypersurface embedded in A 9 ~ Spec ■ ■ ■ , £9]) and defined by 



We immediately see that the equations (|1.4p and (| 1 - 5[) are very much alike and it 
is not hard to imagine that the proofs have strong similarities, that is why we have 
decided to couple them in this paper. 

This work has been motivated by a result of Browning |Bro07[ Theorem 3] . Using 
the equation p.4|) of the universal torsor described above, he has proved the upper 
bound of the expected order of magnitude for Nu lt ii(B), namely 



In most of the proofs of Manin's conjecture for del Pezzo surfaces using universal 
torsors, the first step consists in summing over two variables, viewing the torsor 
equation as a congruence and counting the number of integers lying in a prescribed 
region and satisfying this congruence. The novelty here is that we start by summing 
over three variables instead. In our two cases, this is linked to studying the distribution 
of the values of a certain restricted divisor function in arithmetic progressions. In this 
task, Weil's bound for Kloosterman sums plays a crucial role. Our result is the 
following. 

Theorem 1. — Fori = 1,2, as B tends to +00, we have the estimate 



where cv 1 ,h and cv 2 M agree with Peyre's prediction. 

Since p\ = P2 = 6, these estimates prove that Manin's conjecture holds for V\ 
and V2. Let us note that Derenthal has shown that V\ and V2 are not toric |Der06[ 
Proposition 12] and Derenthal and Loughran have proved that they are not equivariant 
compactifications of [DLlOj . so this work is not covered by the existing general 
results. In view of theorem[TJ it remains to deal with six types of split singular quartic 
del Pezzo surfaces among the list of fifteen. 

In both cases, we have noted that the universal torsor is an open subset of a 
hypersurface embedded in A 9 . In |Der06j . Derenthal has determined the del Pezzo 
surfaces whose universal torsors are hypersurfaces and it turns out that in the case 
of split quartic surfaces, Manin's conjecture has only been proved for surfaces whose 
universal torsors are either open affine subsets (which is equivalent to being toric), or 
open subsets of hypersurfaces. It would be interesting to prove Manin's conjecture 
for a surface which is in neither of these two classes. 

The author is extremely grateful to his supervisor Professor de la Breteche for 
introducing him to the problem of counting rational points on algebraic varieties and 
also for his precious advice all along this work. It is also a pleasure to thank Professor 
Browning for his careful reading of the manuscript and for his useful comments. 

This work has received the financial support of the ANR PEPR (Points Entiers 
Points Rationnels). 



(1.5) 



(1.6) 



N UuH (B) « B\og(B) 5 . 
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2. Preliminary results 

2.1. Equidistribution of the values of a restricted divisor function in 
arithmetic progressions. — Let r denote the divisor function. We start by 
recalling a classical fact about the sums of the values of r in arithmetic progressions. 
For a,q G Z>i two coprime integers and X > 1, define 



!>(*;?, a) = £ 



ra=a (mod q) 

Then (see |HB79[ Corollary 1] for instance) there exists an explicit quantity D*(X; q) 
independent of a such that for q < X 2 / 3 , 

D(X;q,a)- D*(X;q) < X 1 ' 3 ^ . 

We need a more general result since we have to consider a sum similar to D(X; g, a) 
but with t replaced by a function which only counts certain divisors. However, we 
will not determine a specific value of our main term and we will content ourselves 
with the value provided by averaging the estimate over a coprime to q. 

The results stated in this section use several classical ideas which have for example 
been developed in Heath-Brown's investigation of the divisor function T3 := r * 1 
[HB86]. Let I and J be two ranges. We define the quantities 

N(X,J;q,a) = # {(«, v) e T x J n Z 2 , uv = a (mod g)} , 

and 

N*(l,J;q) = -^#{(u,v)£lxJnZ 2 ,gcd(uv,q) = l}. 

Lemma 1. — Let e > be fixed. We have the estimate 

N(X,J;q,a)-N*(l,J;q) « q 1 ' 2 ^ . 

Proof. — Let e q be the function defined by e q (x) — e 2l7TX / q . We detect the congruence 
using sums of exponentials, we get 

1 

N(X,J;q,a) = ^ #{(«,») Glxjn Z 2 ,q\a - u, (3 - v} 

a, 0=1 
afl=a (mod q) 



a,fl=l \u£Zr=l / \»ejs=l / 



a(3=a (mod q) 
1 

<1 ' 



I 1 

- ^ K ( r , a s,q)Fq(r,s) 



r,s—l 

where K (r, as, q) is the Kloosterman sum defined by 



K(r,as,q) = e q (ra + asa 1 ) , 

a=l 
gcd(a,g) = l 

where a -1 denotes the inverse of a modulo g and where 

F q (r,s) = fee q (-ru)) ( £ e,(-*0 ) 
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Let ||x|| denote the distance from x to the set of integers. If r, s ^ q, F q (r,s) is a 
product of two geometric sums and we therefore have 



F q (r,s) < 



Let N(Z, J; q) be the sum of the terms corresponding to r = q or s = q. Since 
gcd(a, q) = 1, we see that K(q,as,q) and K(r,aq,q) are independent of a and 
thus N(l, J; q) is also independent of a. We are therefore led to give a bound for 
Nil, J; q, a) — N(X, J; q). Weil's bound for Kloosterman sums (see |Est61j ) yields 



9-1 



N(2, J; q, a) - N(l, J;q) = -i E K(r, as, q)F q (r, s 

r,s — 1 

l 9-1 



/2 



r,s— 1 

< r( g y/ 2 E S cd ( r > s ^) 

0<|r|,|s|<g/2 



Let us bound the sum of the right-hand side, we get 

E gcdCr.^gJ^lrl-^l- 1 « E^E^E 5 "' 

0<|r|,|s|<<?/2 d|g 



r— 1 s — 1 



< log(g) ! 



Since iV(T, g) does not depend on a, averaging over a coprime to q shows that we 
can replace Nil, J; q) by N*(I, J; q), which completes the proof. □ 

An immediate consequence of this lemma is the bound 
(2.1) N{l,J;q,a) < 4r#( Ix ^ nz2 )+« 1/2+E - 

Lemmas [2] and [3] below are respectively devoted to the treatment of the varieties Vi 
and V 2 . 

Let X,X 1 ,X 2 ,T,Z,L 1 ,L 2 > 0. Let also S = S{X,X 1 ,X 2 ,T,Z,L 1 ,L 2 ) be the set 
of (x,y) £ R 2 such that 

(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
(2.7) 

Finally, we introduce 
(2.8) D(S;q,a) 
and 



Nl 


< 


x, 


x\\xy + T\ 


< 


Xi, 


\y\ 


< 


x 2 , 


z 


< 


\xy + T\, 


Li 


< 


H 


L-2 


< 


\y\- 



= #{(u,!j)e5nZ 2 ,™ = fl (mod g)}, 



(2.9) 



D*(S;q) 



<p(q) 



#{{u,v)eSnZ 2 ,gcd(uv,q) = 1} 
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Lemma 2. — Let e > be fixed. IfT < X then for q < X 2 / z , we have the estimate 

J2/3+E v / i i 

D(S;q,a)-D* { S;q) « + _ (- + - 

Note that the conditions T < X, \xy\ < X and \xy + T\ > Z imply Z <2X. 

Proof. — The result is true if SnZ 2 ^ = so we assume from now on that SnZ^ ^ 0. 
Let < S < 1 be a parameter to be selected in due course and £ = 1 + 6. Let also U 
and V be variables running over the set {±C™, n £ Z>_i} and let L —]U, (U] if U > 
(I = [(U, U{ if [/ < 0) and J" =] V, C^] if V > ( J = [CF, V[ if V < 0). We have 



D(5;?,o)- ^ N(l,J;q,a) « ^ N(l,J;q,a). 

ixjnz 2 cs ixjnz 2 ^s 

ix j-nz 2 ^R 2 \5 

We define the quantity 

= ]T N*{X,J;q). 

lxjnz 2 cs 

Note that since N*(X, J\ q) is independent of a, so is -D(5; g). Furthermore, we have 

AV /2+e 



N(l,J;q, a) - D(S;q) < 



ixjnPcs ' 
using lemma [T] and noticing that the number of rectangles L x J subject to the 
condition X x J nZ 2 C 5 is less than (2 log(X)/ log(C)) 2 < X e <5" 2 since 6 < 1. Since 
<7 £ < X e , we have obtained 



J 2 ' 



D(S;q,a)-D(S;q) « ^ N(X,J;q,a) 

ixjnz 2 ^t 2 \5 
Using the bound (|2.1|) , we finally deduce 

£>(5;g,o)-D(5; g ) « 4r E #(lxJnZ 2 ) + ^, 

ixjnz 2 ^i 2 \s 

since the number of rectangles I x J such that Xxjnl* 2 S and Z x ,/nZ 2 <^ R 2 \S 
is also <C X s S~ 2 . The sum of the right-hand side is over all the rectangles X x J for 
which we have (C Sl U,C 2 V) eZ 2 nSand (C* 1 ^* 2 ^) <E Z 2 \<S for some (si,s 2 ) e]0,l] 2 
and (ii, t^} s]0, l] 2 . This implies that one of the inequalities defining S is not satisfied 
by (C* 1 ^, C' 2 ^) an d we need to estimate the contribution coming from each condition 
among l[2~3|) . igj} , P^]) . and (gZ7D. Note that the conditions (TZ2]), f2~5j) 

and (|2.7p together imply 

(2.10) \U\ « 

(2.11) \V\ « 

In the following, we could sometimes write strict inequalities instead of non-strict 
ones but this would not change anything in our reasoning. Let us start by treating 
the case of the condition (12. 2\ . For the rectangles X x J described above, we have 
C 1+S2 \UV\ < X and C* 1+t2 |^| > X for some (si,s 2 ) e]0,l] 2 and {t u t 2 ) e]0,l] 2 . 
These two inequalities imply 

(2.12) C 2 X <\UV\<X. 
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Going back to the variables u and v, we get £ 2 X < \uv\ < ( 2 X. Therefore, the error 
we aim to estimate is bounded by 

(~ 2 X < \uv\ < ( 2 X ' 



£ #(ixjnz 2 ) « #(M)eZ%, 



2TTT1,12J3 



« E 

|«|<X/ii 



v\ 

X 



« 8X 1+£ , 

^1 

We now deal with the other conditions in a similar fashion. Let us treat the case of 
the condition (|2.3p . In this case, for some (si, S2) s]0, l] 2 and (ii,<2) G]0, l] 2 , we have 

(2.13) ( Sl \U\\( Sl+S2 UV + T\ < Xi, 

(2.14) c' 1 !^! |C* 1+t2 ^ + r| > x x . 

Note that using \UV\ < X and T < X, the inequality (|37T4"|I gives 

(2.15) \U\ » ^. 
The inequalities (|27P3"|) and f2m)) imply 

(2.16) c 3 t^ - (1 - r 2 ) T < \UV + T\ < * + (1 - r 2 ) r. 

Going back to the variables u and «, we easily get 

I \uv + T\ - \UV + T\ I < |itu-£/V| 

< 35|J7V| 



.1^1 

using the condition (|2.13p . Since 1 — £~ 2 < 28, the inequality (|2.16[) gives 
{C 3 — 3(5) t^jt — 5ST < \uv + T\ < (1 + 3<5) + 5«\ 

and therefore 

(2.17) (C 3 - 36) ^4 - 5(5T < \uv + T\< ((1 + 35)^ + 5ST. 

M M 

Note that we have not tried to sharpen this inequality because this is useless for our 
purpose. Thus in this case, the error is bounded by 

r 

#(lxjnZ 2 ) « #l{u,v)€Z%, \u\^Xx/X 

mm I |u| < x/l 2 



fSXx ST 

J-—* \ I/ 2 |,/| 



\U\ 

|u|>Xi/X x 1 1 

|«|«X/L 2 

« sx 1+s + ^, 

since T < X. In the case of the condition (|2.4|) . the condition which plays the role of 
the conditions (|2.12p and (|2.1tjp in the previous two cases is 

(2.18) (~ 1 X 2 < \V\ < X 2 . 
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Combined with \UV\ < X, this condition gives 

(2.19) \U\ « ^r. 

Moreover, in terms of the variable v, we have < |f | < C^2- Therefore, this 

contribution is bounded by 

f C^x 2 < \v\ < (X 2 

# (i x j n i?) « #1 (u, v) e z%, \u\ « x/x 2 

fTWi { |m|<X/L 2 

12TSt , l2~T91 

< ( M 2 + 1) 

\u\^X/X 2 
|n|<CX/L 2 

Let us now deal with the condition (|2.5p . Here, reasoning as we did to deduce the 
inequality (|2.16[) from the conditions (|2.13[) and (|2.14p . we get the inequality 

(2.20) C 2 Z - (l - C 2 ) T < \UV + T\ < Z + (l - C 2 ) T, 

and following the reasoning we made to derive the condition (|2.17p from the condition 
(|2.16p . we obtain 

(2.21) (C 2 -3S)Z - 55T < \uv + T\ < (1 + 35)Z + b5T. 
We therefore see that this contribution is bounded by 

£ #(ixjnz 2 ) « #{(«,«)ez^ Kx/i } 



127101.11^20 



^ \ \u\ \u\ 



D(S;q,a) - D(S;q) <C X £ 



« 6X 1+ c + ^, 

since T < X and Z < 2X. Mimicking what we have done for the condition (|2.4p . 
we find that the contributions corresponding to the conditions (12. tip and (|2.7|) are 
respectively <C 8X + X/L\ and -C SX + X/L 2 - Writing l/(f(q) <C -X" e /g and rescaling 
e, we have finally proved that 

<7 S 2 J <p(q) \Li L 2 , 

Averaging this estimate over a coprime to q and using the fact that D(S;q) does not 
depend on a, we see that we can replace D(S; q) by D*(S; q). Furthermore, the choice 
S = q x l 2 X~ x l 3 is allowed provided that q < X 2 / 3 , which completes the proof. □ 

We emphasize that the average effect which yields the term l/cp(q) in D*(S;q) is 
really the key step of the proof. Note that the estimate of lemma [2] is actually true 
for q < X but the error term is no longer better than the trivial error term X 1+e jq 
when q > X 2 / 3 . 

For given X 3 > 0, let Si = S t (X, X 1 ,X 2 ,X 3 , T, Z, L x , L 2 ) be the set of (x, y) G M 2 
satisfying the conditions l|2~2j) . (|23]> . ([2^ . P3|) . (j23|) . (|2~?7|) and 

(2.22) |xy + T| < X, 

(2.23) |x|2/ 2 < X 3 . 
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Let also S2 = S2(X,Xi,X2,X 3 ,T,Z,Li,L 2 ) be the set of (x,y) 6 R 2 satisfying the 
conditions (J22JI, f2"3jl . Ij2l)]) . Ij277|) . and 

(2.24) \x\ < X u 

(2.25) \y\\xy + T\ < X 2 , 

(2.26) \x\y 2 \xy + T\ < X 3 . 

Finally, D(Si;q,a) and D(S2',q,a) are defined exactly as in (|2.8[) and D*(Si;q) and 
D*{S 2 \q) as in (1211 . 

Lemma 3. — Let e > be fixed. IfT < 2X then for q < X 2 ^, we have the estimates 
D(Si;q, a) — D*(Si;q) « ' 



Z>(5 2 ;g,a)-£)*(<S2;g) « 



9 i/2 rfg) \Lt L 2 
X 4 / 5+e X ( 1 1 



To prove lemma El we can proceed almost exactly as in the proof of lemma [5] apart 
from the fact that the condition (|2.26[) is more complicated than the others. Indeed, 
it is the only condition where both x and y appear with powers greater or equal to 2. 
To solve this problem, we need the following result. 

Lemma 4. — Let < 6 < 1, Y E M> and A, Y' € K be such that < Y-Y' <C SM 2 
where M = max (|A|, Y" 1 / 2 ) . Let 1Z C K be the set of real numbers y subject to 

(2.27) Y' < \y 2 + 2Ay\ < Y. 

We have the bound 

#(KHZ) < S 1/2 M+l. 

Proof. — It clearly suffices to show that meas(72.) <C S 1 / 2 ^! . Setting z = y + A, the 
condition (|2.27|) can be rewritten as Y' < \z 2 — A 2 \ <Y. Let us treat first the case 
where z 2 - A 2 > 0. If Y' + A 2 > then 

(y' + J 4 2 ) 1/2 <|z|<(r + A 2 ) 1/2 . 

Therefore, 

meas (TZH {y <E K, (y + A) 2 > A 2 }) « (Y + A 2 ) 1 ' 2 - (Y' + A 2 ) 1 ' 2 

Y-Y' 



(Y + A 2 ) 1/2 + (Y' + A 2 ) 1 ' 2 
< SM, 



which is satisfactory. Now if Y' + A 2 < then Y + A 2 < Y - Y' < SM 2 and thus 

meas (TZD {y e R, (y + A) 2 > A 2 }) < (Y + A 2 ) 1/2 

< S 1/2 M. 

Let us now deal with the case where z 2 — A 2 < 0. Under this assumption, we have 
A 2 - Y < z 2 < A 2 - Y' so we can assume that A 2 - Y' > 0. First if A 2 - Y > then 

meas (K fl {j/ 6 R, (y + A) 2 < A 2 }) « (A 2 - Y') 1/2 - (A 2 - Y) 1/2 

<C <5 1/2 M, 
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where we have used a 1 / 2 — b 1 / 2 < (a — 6) 1 / 2 , which is valid for any a > b > 0. Finally, 
if A 2 - Y < then A 2 - Y' < Y - Y' < SM 2 and thus 

meas(^n {y e R, (y + A) 2 < A 2 }) < <5 1/2 M, 

which completes the proof. □ 

We are now in position to prove lemma [3] 

Proof. — We proceed as in the proof of lemma [21 The only thing we have to do is to 
repeat for all our new conditions what we have done for the conditions (|2.2|) , (|2.3|) . 
P1T| , (|23j) . f2~B|) and (|2~7|) . By symmetry between the conditions (l2~2^j) and 

it suffices to consider the cases of the conditions (|2~2^|) and (J2HS1). 

Reasoning as for the condition (|2.5[) . we see that the contribution corresponding to 
the condition (|2.22p is <C <5X 1+e + XjL%. In the case of the condition (|2.23[) . we have 
the inequality 

(2.28) C 3 X 3 < \U\V 2 < X 3 . 
Combined with |J7V| < X, it implies 

(2.29) \U\ « |-. 

-*3 

In terms of the variables u and v, we have C 3 X 3 < \u\v 2 < C 3 ^3- Therefore, this 
contribution is seen to be 

f C 3 *3 < \u\v 2 < C 3 X 3 

#(ixjnz 2 ) « #1 (u, w) e Z^ , |u| « x 2 /x 3 
t2~Tot I juj < X/L 2 



12T281 . 127291 



,1/2 

E- " * 



6*3 



\ M 1/2 ) 

H«x/i s 
« 6X + ^-. 

Finally, let us deal with the case of the condition (|2.26p . For some (si,S2) £]0, l] 2 
and (^1,^2) £]0, l] 2 , we have 

(2.30) ( S1+2S2 \U\V 2 \C 1+S2 UV + T\ < X 3 , 

(2.31) C tl+2t2 \U\V 2 \C 1+t2 UV + T\ > X 3 . 
Using I C7V^ I < X and T < 2X, the condition (|2"UTj) gives 

(2.32) \V\ » |§. 
For t £ R^Oj w e set 



M(t) = max 



' Xl' 2 T " 



The condition (j2~"3T))l shows that we have \U\ < 2M(V). The inequalities (j!O0)) and 
(j2~"3"Tj) imply 

(2 - 33) c "wh " (1 - r2) T < |c/y + T| - jt^N + (! - r 2 ) t. 
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To go back to the variables u and v, we can proceed as we did to deduce the inequality 
(|2.17p from the condition (|2.16[) in the proof of lemma [5] We get 

(c ~ 5 - ^ WW* ~ 55T K ]uv + T| - (1 + 3S) ]^ + 5ST > 

and thus, multiplying by \U\ and using \U\ < 2M(V), we obtain 

(C 5 - 35) ^§ - 10SM(V)T < \u\ \uv + T\< ((1 + 3<5)^§ + 10(5M(V)T. 

Setting c = 10C 3/2 for short and using M(V) < ( 3 / 2 M(v) and T/\v\ < M(v), we 
finally see that 



(2.34) (C 5 - 35) f% - cSM(v) 2 < \u\ 



T 

u+- 

V 



<( 3 (l + 3dA + (c5M{v) 2 . 



Applying lemma 2] to count the number of u subject to the inequality l|2.34p . we get 

r (Esi 

^ #(ixjnz 2 ) < # Me^„ \v\^>x 3 /x 2 

(2.11) I |w|<X/Li 



« E 

M>x 3 /x 2 

|o|<X/ii 



>/ 2 X 3 1/2 (5 1//2 T 
H 3 / 2 + |v| 



since T < X. In the case of <Si, the proof can be completed as that of lemma [H In 
the case of 52, the optimal choice of 8 is seen to be S = q 3 / 5 X~ 2 / 5 , which yields the 
result claimed. □ 

2.2. Arithmetic functions. — Let us introduce the following arithmetic functions, 



(2.35) V *{n) = J]! 1 

p\n 

(2.36) tf(n) = Ilf 1 



p 



i\"V i i 



Define also, for a,b,c> 1, 
ipa,b,c(ri) = 



ip*(n) 2 <f*(gcd(n,a)) 1 ip*(gcd(n,b)) 1 if gcd(n, c) = 1, 
otherwise. 



Finally, for a > 0, let 

(2.38) <^(n) = J2 2UJik)k ~ a > 

where w(fc) denotes the number of prime numbers dividing k. The next two lemmas 
are built following the reasoning of BD09J section 3]. 
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Lemma 5. — Let < a < 1 be fixed. We have the estimate 

X>«,6,c(») = V*{a,b,c)X + O a (<pAc)X°), 



n<X 



where 
(2.39) 



p 

(pt (abc) 



*(a,6,c) = <^*(c) 



</?t( g cd(a,6)c) 



if (abc). 



Proof. — Let us calculate the Dirichlet convolution of the function tp a ,b,c with the 
Mobius function fi. We have 



n (^ac(^)-^ac(p^ 1 ))- 



Moreover VVf>,c(l) = 1 and for all f > 1, we have 



V>a,6,c (P") = 1pa,b,c(p) = < 



'(1-1/p) 2 if pja6c, 

1 — 1/p if p { c,p\ab and p { gcd(a, 6), 

1 if p { c and p| gcd(a, 6), 

ifp|c. 



Thus, we get 

(V> aAc *M)(n) = M ( n ) 2 -(«)-( g cd(n, a 6c))gSd(£^) j| (l-^), 

p\n,p\abc 

if gcd(a, 6, n)|c and (ip a ,b,c = otherwise. Writing V'a.b.c = (ipa,b,c* m) * 1 yields 



^ i>a,b,c{ n ) = ^2^2(i>a,b,c* V)(d) 

n<X d\n 
+ oo 

= ^(^o,6,c*M)(d) 



Let < a < 1 be fixed. Let us use the elementary estimate [t] = t + O (t a ) for 
t = X/d. Since 



+ OC 

E 

d=l 



\(tpa,b,c* V)(d)\ 

d° 



< 



E 2 ^ 



gcd(c, ri) 



we have shown that 



2^ Va,b,c\ n ) = X }_^ 3 \-0(ip a {c)X ). 



ri<X 
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A straightforward calculation finally yields 

g<»M = nH) n 

pfgcd(a,b) 

pfc.pfab 

*/ \ <pi(ab) ,. . 

^T(gcd(a6,gcd(a,6)c)) 

which completes the proof. □ 

Lemma 6. — Let < cr < f be fixed. Let < t\ < t% and I — [t\,t2\. Let also 
g : R>o — > K be a function having a piecewise continuous derivative on I whose sign 
changes at most R g (I) times on I. We have 

^a,bAn)g(n) = PV(a,b,c) f g(t)dt + O a { Va {c)t%Mi(g)) , 

n£lr\Z >0 1 

where Mj{g) = (1 + R g (I)) sup teJnM>0 \g(t)\. 

Proof. — We only treat the case where t\ > since the statement for t\ — easily 
follows from it. Let 5 be the function defined for t > by 

S(t) = y^^q,b, e (n). 

n<t 

Splitting / into several ranges, we can assume that g has a continuous derivative. An 
application of partial summation gives 

]T iPa,bAn)g(n) = S(t 2 )g(t 2 ) - S(ti)ff(ti) - [' S(t)g'(t)dt. 

ne]t 1 ,t 2 ]nz >0 4l 

Lemma [5] implies that S(t) = V^(a, b, c)t + O {ip a {c)t a ). An integration by parts 
reveals that the sum to be estimated is equal to 

V*(a,b,c) Jg(t)dt + Ua{c)tl (\g(t 2 )\ + \g(h)\ + J |</(t)|dt)) . 

It only remains to split I in the R g (I) + 1 ranges where g' has constant sign to 
conclude. □ 



2.3. Lemma for the final summation. — Let r > 1 and n = (n%, . . . , n r ) £ Z> 

(and by analogy, d, k). Let V be the set of n £ Z> satisfying the following conditions, 
indexed by 1 < j < N, 

II ••: < x «, 

i=i 

where X > 1 is a quantity independent of j and Sj G { — 1, 0, 1}, /3jj G Q are bounded 
by an absolute constant and such that the polytope C defined by ti, . . . , t r > and 
the iV inequalities 

r 
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satisfies C c [0, l] r . We are concerned with sums of the form 
where * is an arithmetic function of r variables. 

Lemma 7. — Let f be the characteristic function of a polytope V C [0, l] r . We have 

r) 

m ■ ■ ■ n 



f ( log(ni) log(n r ) 

v nwi---wy z = vol(c)log(xr+0(log(xr -i ) 



ni,...,n r <X 



Proof. — Let us reason by induction on r. Let / be the characteristic function of 
[a,b] C [0,1]. We have 



f ( iog(") A 

J \\og(X)) _ y- 1 

n<X X«<n<X» 

= (6-a)log(X) + 0(l), 

as wished. Let us assume that the result is true for an integer r — 1 > 1 and let us 
prove it for r. The result for r = 1 applied to n r shows that the sum to be estimated 
is equal to 

^.....tv v : v. 7 Viog(^) iog(x) y y 

This quantity is plainly equal to 

, / f ( l°g("l) log(n r _i) , \ \ 

log(x) / ^ H^_^E>^2 di „ + o WIT) , 



m---n r _i 

i m,...,n r -i <^ 

so the induction assumption applied to the r — 1 remaining variables immediately 
completes the proof. □ 

Lemma 8. — Lei W 6e an arithmetic function of r variables satisfying 

**/i)(n) 

- lUg j 

wftere /x z's t/ie generalized Mobius function defined by 

H(m,...,n r ) = /i(m) ■ • -n(n r ). 

We have 

E^r = vo, ( c,fi:M)) 1 o g ,xr + o( W . ) 



(240) E K^£m log ( 2rIn() < + „, 

neZ >o 



m • • • n 

n£V 



Proof. — Writing \I> = * /z) * 1, we get 



^(n) y- y- (£*M)(d) 

ngV neV di\n 1 ,...,d r \n r 

(**/*)( d ) ^ 1 



MANIN'S CONJECTURE FOR TWO SINGULAR QUARTIC DEL PEZZO SURFACES 15 



where the latter sum is over k such that 

(2.41) (f[kf ) (lK ) S V . 

Let us estimate the difference between this sum and the sum over k satisfying 

r 

II /; < v . 

i=l 

For a certain jo , we have 

/ r \ _1 r 

A*. 1 / TT *A*> 



i=l / i=l 



Summing first over ki for which /3j J0 ^ 0, we see that since the /3jj are bounded by 
an absolute constant, the above difference is bounded by 

lo g(lW E 7 i — T ioe(n*) los(jr)r ~ 1 ' 

\t=l ' k lr ..,kT,...,k r io " r ' 

Thus, lemma [7] yields 

E = voi^iog^r + ohoghn^hog^r 1 ) . 

Egn 1 r V V »=i / / 



k. 

The assumption (I2.40[) plainly implies the result. □ 

3. Proof for the 3Ai surface 

3.1. The universal torsor. — Using elementary techniques, Browning [B ro07j 
has made explicit a bijection between the set of points to be counted on U\ and a 
certain set of integral points on the hypersurface defined by (|1.4|) . A little thought 
reveals that the result proved by Browning |Bro07l Lemma 1] is equivalent to the 
following. We adopt the notation used by Derenthal in |Der06j . Let Ti(B) be the 
set of (r?i,?72,r?3, V4,,V5, »76,»77,%,?79) € such that 771, 772, 773, rj 6 , r\ 7 > and 

(3.1) 774% + V1V6V7 + »?8% = 0, 
and satisfying the coprimality conditions 

(3.2) gcd(?7 8 , 771772 774775 f76 ?77) = 1, 

(3.3) gcd(?74,?7i?7277 6 777?79) = 1, 

(3.4) gcd(?75, 771773776777779) = 1, 

(3.5) gcd(?7 6 , 772777779) = 1, 
(3-6) gcd(r;3, 771772777779) = 1, 

(3.7) gcd(r7i, 773779) = 1, 

(3.8) gcd(779, 77 7 ) = l. 
and the height conditions 

(3.9) 772773774775 < 

(3.10) vlmvsvWj < B, 

(3-11) 771 7?3 1 7?4 1 771 1 778 I < S, 

(3.12) Wl^M < fl. 
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Lemma 9. — We have the equality 

Nu u h{B) = \m(B). 

Browning |Bro07l Theorem 3] has used this description of the problem to prove 
the bound (fT^]) . 

It is important to notice here that the contribution to Nu lt jj(B) coming from the 
(rji, . . . , 779) G 71(B) such that all the variables appearing in the torsor equation are 
bounded by an absolute constant is ^> B since 772,773 < B 1 / 2 . That is why a result 
similar to (|1.3p seems out of reach. 



3.2. Calculation of Peyre's constant. — The constant cv x u predicted by Peyre 
is 

cv u h = a^/^WVi), 

where a(Vi) £ Q is the volume of a certain polytope in the dual of the effective cone of 
V\ with respect to the intersection form and where P(V\) = #iJ 1 (Gal(Q/Q), PICq(Vi)) 
and 



with LUoo and uj p being respectively the archimedean and p-adic densities. The work 
of Dcrenthal |Der07j reveals that 



1440 



Moreover, j3(V) — 1 for any del Pezzo surface V split over Q and finally, using a result 
of Loughran [LoulOl Lemma 2.3], we get 



, 6 1 
1 + - + -z. 

p p z 



Let us calculate Woo- Set fi(x) = xqXi — x\ and f 2 (x) = x\ + x\x 2 + £3X4. We 
parametrize the points of V\ by xq, x 2 and x±. We have 

' 9/i dfi ' 



det $% %f 2 



x 

x 2 xa 

= X()X4. 

Moreover, x\ = x 2 /xo and X3 = —x\(x 2 + Xq)/ (xqX 4 ). Since x = — x in P 4 , we have 
^ = 2! ff dx dx 2 d Xi _ 

J J J xo,X4>0,x ,x^/xo,x^ \x 2 +x \/\x X4 \,x 4 <l XqX4 

Define the function 

(3.13) h : (U,t 5 ,t 6 )^max{tltltl,\U\tl\Ut 5 +t 6 \,\t 5 \}. 

The change of variables given by xq = tit 2 , x 2 = t^t^te and x 4 = t$ yields 



Woo = 4 / / / dt 4 dt 5 dt 6 

J J Jt 5 ,te>0,h(t4.,t 5 ,te)<l 

(3.14) = 2 [ [ [ dt 4 dt 5 dt 6 . 
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3.3. Restriction of the domain. — In order to be able to control the error terms 
showing up in our estimations, we need to assume that certain variables are greater 
in absolute value than a fixed power of log(B). The following result shows that this 
assumption does not affect the main term predicted by Manin's conjecture. 

Lemma 10. — Let A4i(B) be the overall contribution to Nu 1 ^h(B) coming from the 
(771 , . . . ,779) G 7\{B) such that \rji\ < log(-B)^ for a certain i ^ 2,3, where A > is 
any fixed constant. We have 

Mx{B) « A Blog(B) 4 log(log(£0). 

Lemma 11. — Let K\, K4, . . . , Kg > 1/2 and define Mi = M\{K\, K4, . . . , Kg) as 
the number of (mi, 7774, . . . , mg) G Z 7 such that Ki < |mj| < 2Ki for i — 1 and 
4 < i < 9, gcd(m47775, 7771777,67777) = 1 and 

(3.15) 77747775 + 777 1 777,6 7777 + TOgTOg = 0. 

We have 

Mj < KiKeKTmmiKiK^KsKg). 

Proof. — We can assume by symmetry that K4K5 < K%Kg. Let us first deal with 
the case where KxK 6 K 7 < K 4 K 5 . The equation (|3TT5|) gives K S K 9 < K 4 K 5 . Let M[ 
be the number of (7771, 7774, . . . , mg) G Z 7 to be counted in this case. We can assume 
by symmetry that if 4 < K§. The idea is to view the equation (|3.15J) as a congruence 
modulo 7774. Since |m4| <C (KgKg) 1 ' 2 , the number of 7775, ms and mg to be counted 
in M[ is at most 



K i <\m i \<2K i) i€{8,9} | R ^ 
# { (m 8 , m 9 ) G Z 2 , gcd(m 8 m 9 ,mim6m 7 ) = 1 \ < 

m%mg = —mimQiri'j (mod 777,4) 



7774 



Summing over mi, 7774, mg and 7717, we finally get 



E 



1 



777,4 

if4<|m4|<2if 4 

< K X K % K,K A K^ 

since K%K§ K4K5. We now treat the case where K\KqK 7 > K4K5. The equation 
(|3.15[) gives K$Kg <C ^1^6-^7- Let M" be the number of (mi, m 4 , . . . , mg) G Z 7 to 
be counted under this assumption. We assume by symmetry that K% < Kg, which 
yields |777 8 | < {K^K-j) 1 / 2 . We can therefore use [HB03I Lemma 5] to deduce that 
the number of mi, mj, 1717 and mg to be counted in M" is at most 

Ki < |m< I <2K h i£ {1,6,7} 1 K X K % K-, 
# ^ (mi,m 6 ,m 7 ) G Z a , gcd(mim 6 m7, m 4 m 5 ) = 1 ^ <C J 

m\m§m-j = —m^rn^ (mod mg) 



p(m 8 ) 



We obtain in this case 



M'i < KiKeKrKiKs v ~ ' 



if s <|m 8 |<2if s ^ V 0/ 

« ^KeKrKiKs, 

as wished. □ 



We are now in position to prove lemma [TU] Note that the following proof is largely 
inspired by Browning's proof of |Bro071 Theorem 3]. 
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Proof. — Let Y t > 1/2 for i = 1,...,9 and define M = M(^i, • • • , Y 9 ) as the 
contribution of the (r]x,..., r/g) £ Ti(B) satisfying Yi < \r/i\ < 2Yi for i = 1, . . . , 9. 
The height conditions imply that either ]\[\ = or we have the inequalities 



(3.16) 


Y 2 Y 3 Y 2 Y 2 


< 


B, 


(3.17) 


Y 2 Y 2 Y 3 Y 2 Y 2 


< 


B, 


(3.18) 


YiYiY A Y2Y s 


< 


B, 


(3.19) 


YiY 2 2 Y 5 Y 2 Y 9 


< 


B. 


Using lemma [TT] and summing 


; over r] 2 and r\ 3 


, we 


get 



Let us recall the following basic estimates. Assume that we have to sum over all the 
ranges Y < \y\ < 2Y for all \y\ < y, then 

{1 if S < 0, 

log(^) ii 6 = 0, 
y 5 if s > 0. 

In the following, the notation means that the summation is over all the Yi ^ Y. 
We only treat the case where Y4Y5 < YgYg (the case where Y4Y5 > Y$Yq is identical). 
Let us first assume that YiYqY? < Y4Y5. We start by summing over 



Ya < min 



YaYk b 1 ' 2 



YiYr' YV 2 Y a YV*YV* 



8 



vl/4yl/2Dl/4 

<- J 4 J 5 

- T^VVl/2^1/2^1/4' 
*1 J 3 z 7 I 8 

and over Y 3 using (|3.16[) . We get in this case 

J] M « E yi W4W7 

*5 Yi 

Y 6 

Y 3 ,Y 6 

Now sum over I2 using (|3.19[) and over Y4 < Yr~~ Y%Y$ to obtain 



53M « B 53 Yl'WfYf 1 " 



Yi Y 2 ,Y 3 ,Y 6 



« B ^J2j- 

Y2,Y 3 ,Y 4 ,Y 6 



We could have summed over Y5 instead of Y4 and over Yj instead of Yq, so if we 
assume that |»yj| < log(B) A for a certain i ^ 2, 3, where A > is any fixed constant, 
we get an overall contribution <Ca B \og(B) 4 log(log(£?)). Let us now assume that 
we have YiYqYj > Y4Y5. Since Y4Y5 < YsYs, we deduce from the equation (|3.ip that 
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YiYeYi <C YgYg, Summing over Y 3 using (|3.18p and over Y 2 using (|3.19p yields 

Em « BE r 4 v W 2 ^ 1/2 
« B ^J2J' 

Y 2 ,Y 3 ,Y it Y 6 

where we have summed over F 4 < Y 1 Y 5 - 1 Y 6 Y 7 and Y 6 < Ff l Y s Y 9 . We can now 
conclude exactly as in the first case. □ 

3.4. Setting up. — To be able to apply lemma [5J we need to assume that 

1*79 1 < \vs\- 

Note that this assumption together with the equation (|3.1[) and the height conditions 
(|3.9p and (|3.1l)p yield the following condition which plays a crucial role in the proof, 

(3.20) V % < 2^^. 

% % 

The symmetry given by (773, 774, 776, 77s) t-t (772, 775, 777, 779) and the following lemma 
prove that it suffices to multiply our main term by 2 to take into account this new 
assumption. 

Lemma 12. — Let Nq(B) be the overall contribution from the (771, . . . ,779) G Ti(B) 
such that 1 778 1 = 1 779 1 . We have 

N (B) « Blog(B). 

Proof. — Note that we have the inequality (|3.20p here too. Define 

731/2 



X = 



1/2 1/2' 
V2 V3 



The number of 771 , 774 and 775 to be counted is 

« # {(774,775) eZ? W» s± «tf (mod 776777) 



E T (H) 

\<\n\<X 
n=±rjg (mod risrn) 

« x*(— + l 



for all e > 0. Taking e = 1/4 and summing over 779 using the condition (|3.2(jp . we get 

N o( B ) « E hr/iTr/i + -Vs-^78 

« E 



5/4 5/4 
V2V e Vt 

« Blog(fl), 
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where we have summed over 773 using (|3.10p . □ 

Since (77s, 779) <— > (—7/8, —V9) i s a bijection between the set of solutions with 779 > 
and the set of solutions with 779 < 0, we can assume that 779 > if we multiply our 
main term by 2 once again. Furthermore, we need to assume that 774 and 775 are 
greater in absolute value than a power of log(-B). To sum up, denote by N(A, B) the 
contribution to Nu 1 _h(B) from the (771, . . . ,779) £ Ti(B) satisfying 

(3.21) 0<r]9<\m\, 

(3.22) log(B) A < \ m \, 

(3.23) log(B) A <\ V5 \, 

where A > is a constant to be chosen later. Note that combining the conditions 
f3"Uj) and (l3T22"j) . we get 

(3.24) log(£0 2A 77 2 77 3 77 5 2 < B. 

This inequality is crucial in the estimation of our error terms. Lemmas 1101 and 1121 
yield the following result. 

Lemma 13. — For any fixed A > 0, we have 

N Uu h(B) = 2N(A,B) + 0(Blog(B) 4 log{log{B))) . 

Our goal is now to estimate N(A, B) and for this, we start by investigating the 
contribution of the variables 774, 775 and 77s. The idea is to view the torsor equation 
(|3.ip as a congruence modulo 779. For this, we replace the height conditions (|3.1ip 
and (|3.2ip by the following (we keep denoting them by (|3.1ip and (|3.2ip ). obtained 
using the torsor equation (|3.1|) . 

vivl\m\vl\mv5 + m v&V7 Ivg 1 < fl > 

??9 < \mm + mwH- 

Set r/' = (771,772,773,776,777,779) £ Z> . Assume that rj' £ Z> is fixed and subject to 
the height conditions (|3.10p and (|3.20p and to the coprimality conditions (|3.5p . (|3.6|) . 
(13. 7p and (|3.8p . Let N(r]',B) be the number of 774, 775 and 77s satisfying the torsor 
equation (|3.1|) . the height conditions (|3.9p . (|3.11|) and (|3.12p . the conditions (|3.21|) . 
(pT2"2")) and (pH3")) and the coprimality conditions (j3~2")h (pHj) and ([231 ■ Recalling the 
definition (|2.35p of ip* , we have the following result. 

Lemma 14- — For 077,77 /lied ^4 > 7, iwe have 

N(r,',B) = - E Z iy * E /»(**) E K**) 
779 ' /c 8 (p*(fc 8 ?79) ^— ' ^— ' 

fcg|')2 &4|»Jl»j2»7B»?7 fcs|»Jl>?3»76»77 

gcd(fe 8 ,j) 7 ) = l gcd(fc 4 ,/c 8 )) 9 ) = l gcd(fc 5 ,fc s >jg) = l 

E M(4)M(4)C(r,',S)+i?(77',S), 

^ 4 jfc 8 ?79 

where, with the notations 774 = kii^rfl and 775 = ^5^5775, 

W'^ - #|W4,%) g^o, ([X2T1). (13321 . (1X2^ /' 
andV , R(r)',B) «Blog(B) 2 . 
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The thrust of lemma [H] is that the summation over r]s has been carried out, which 
explains the absence of the torsor equation in C(r/', B). The remainder of this section 
is devoted to proving lemma [TH 

Let us remove the coprimality condition (|3.2|) using a Mobius inversion. We get 

N( V ',B) = ]T M (fc 8 )Sfca(V,£), 

fc8l»M2»j4»)5»)6 V7 

where 

V4V5 ■ I'-'lJh - V1V6V7 

<? (W m 4i j (n n w\(z7* 432), 4329, 4331 

4231), 4331 

It is clear that if gcd(fc 8 , 771776777) ^ 1 or gcd(fc 8 , 774775) ^ 1 then gcd(77 4 77 5 , 771776^7) 7^ 1 
and thus Sfc g (77', 5) = 0. We can therefore assume that gcd(fc 8 , ViViVsVeVr) — !• We 
have 

774775 E E -7)l 77 6 77 7 (m od fc^g) 

o /- / m » J / n c ^2 (EH, 433D, 43113 I , „ , , m 

S k8 (v,B) = (774,775) £Z # , K^o(r?,B) 

(ESI, (El 

where the error term Ro(r)' , B) comes from the fact r}' & has to be non-zero. Otherwise, 
we would have 774775 = —r/ir/Qijf and so the coprimality condition gcd(?74?75, 771775777) = 1 
would give 1 774 1 = I775I =771 = r/^ = 7/7 = 1. Summing over 779 using (|3.2U|) . we obtain 

£ Hk 8 )\R ( V ',B) « Yl 2Uj{m) 

Rl/4 

< 2 W(I ' 2) 



1/4 1/4 

2 



< B\og{B) 

Let us remove the coprimality conditions (|3.3p and (|3.4|) . The main term of N(f]', B) 
is equal to 

k s \r) 2 k 4 \ri 1 r)2r)6"n7"n9 k s \7] 1 ri 3 rj 6 r] 7 r] 9 

gcd(/c s ,r;i»?6i)7) = l gcd(fc 4 ,fc 8 rj ) = l gcd(fe 5 ,fe 8 J7 9 )=l 

where, with the notations 774 = £4774 and 775 = /C5775, 

{ 77 4 77 5 E E -(fc 4 fc 5 )~ 1 77l77 6 777 (mod fc 8 77g) 
(774,775) eZ^ , (EH), 42H]), 43H 
CCZIM53Z), 4335) 

Indeed, k± and &5 are invertible modulo fc 8 77g since gcd(fc 8 ?7g, 771776777) = 1. We can 
therefore remove 779 from the conditions on £4 and k§. Having in mind that our aim 
is to apply lemma we define 



Let us prove that we can assume that k 8 < (2fc 4 fc 5 )- 1 / 2 X 1 / 6 , the contributio n coming 
from the condition fc 8 > {Zk/Jz^ 1 / 2 X 1 / 6 being negligible. Indeed, let N'(r)',B) be 
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this contribution and define a = — (feifeg) 1 r/iriQrjT. We have 

S(V',B) < #{(«)e^, |^4r< X m ° d fc8??9) 



E 



l<\n\<X 
n=a (mod k&rjy) 

Thus, for all e > 0, 

X 



« (fc4fc5) 1/4 ^75 +X^, 

V 119 

since yfc 8 > k\ /2 ^(2fc 4 fc 5 )~ 1/4 X 1 / 12 . Note that if fc 4 , fc 5 or ^8 appears in the denominator 
then the arithmetic function involved by the corresponding Mobius inversion has 
average order 0(1) and therefore does not play any role in the estimation of the 
contribution of the error term. Thus we have 

i / Rl/2 V+^/lS / 1/2 ^ 

N'( V ',B) « - + 



„ n i 1/2 1/2 / I 1/2 1/2 I ' 

Let us estimate the overall contribution of the right-hand side summing over ry'. Using 
the condition (|3.20J) to sum over 779, we get 



r, 9 V ? ?2 V 3 



lA->: I U , v 1/3+5 



1/2 / \ 1/2 1/2 I 

Taking e = 1/48 and summing over 773 using the condition (|3.10[) . we obtain 



5>v,£) « Yl ( 



B +2 "M_ B 



25/24 25/24 25/24 1 71/48 71/48 71/48 



< B\og(B) 2 . 
Therefore, N(rj' , B) is the sum of the main term 

J2 Kh) E ^) E »(k s )S(r,',B), 

kilmmnevv k5\viV3V6Vr k 8 \v2,k 8 <(2k 4 k 5 )- 1/2 X 1/6 

gcd(fe 4 ,r )0 ) = l gcd(fc 5 ,r )9 ) = l gcd(fe 8 MHm r/6»?7) = l 

and an error term whose overall contribution is <C _Blog(i?) 2 . Note that thanks to 
the condition (|3.2(jp . we now have fcgryg < X 2 / 3 . We want to apply lemma [5] with 
Li = log(B) A /fc 4 , L 2 = log(B) A /k 5 and T = mVem / (hh) . Since T < X by (1XTU)I 
and fcgryg < X 2 / 3 , lemma [5] proves that 



S(v',B) = 5*(r7',B) + 
for all e > 0, with 



X 2/3+e X 



(fc 8 77 9 )i/2 ^(fc 87?9 ) Vlog(B)^ log(B) 



j gcd(^ ^,fc 8 7? 9 ) = 1 

S*(r,',B) = ——#{( v ' 4 ,n' 5 )eZ%, ©3J), 4231]), (EH 



(1220, (B, (ED 
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As explained above, k 4 , k§ and kg do not play any role in the estimation of the 
contribution of the first error term. Using (|3.20p to sum over rjg, we find that the 
contribution of the first error term is 

2-^i l/3+e 1/3+e 1/2 ^ 11/24+e 11/24+e 

77' V 2 V3 % ril,n2,ri 3 ,r) 6 ,r) 7 V2 V3 

v B 

^ 2—t 13/12-2e 13/12-2e 13/12-2e 

m, r i2,ri6,"m 

Vi mv 6 V7 

< Blog(B), 

for e = 1/48 and where we have summed over 773 using (|3.f Op . Furthermore, the 
contribution of the second error term is 



< Blog(B) 9 - A , 



which is satisfactory if A > 7. The contribution of the third error term is easily seen 
to be also <C B\og(B) 9 ~ A . Furthermore, we have 



where we have set 774 = £477" and 775 = ^5775 . We now prove that we can remove the 
condition fc 8 < (2k 4 k 5 )- 1 / 2 X 1 / 6 from the sum over kg. The height condition (13 . 0|) 
plainly gives 



C(v',B) « 




Let us bound the overall contribution corresponding to k$ > (2k 4 k^) 1 / 2 X 1 ^ 6 . Note 
that ip(kg,r]g) = k$rjgip* (ksijg) and write k$ > k\j 2 ' (2k 4 k^)~ x l A X X I 12 . Once again, the 
Mobius inversions do not play any part in the estimation of the contribution of this 
error term, which we find to be less than 




« Blog(i?) 2 , 



where we have set e = 1/24. Finally, we can remove the condition gcd(fcs, 771776) = 1 
from the sum over ks since k$\rj2 and gcd(?7i776, 772) = 1, which completes the proof of 
lemma Q3] 



3.5. Summing over 77", 775 and 776. — We intend to sum also over 776 and thus we 

" 75 
J >o- 



set rj = (771,772,773,777,779) € Z5, . For (r 1: r 2 ,r 3 ,r 7 ,rg) g Q 5 , we introduce the useful 



notation 



„(ri,r 2 , r a ,r 7 ,r 9 ) _ ri r 2 r 3 r 7 r 9 

n — Vi V2 V3 Vg ■ 
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Setting 



(1,3/2,-1/2,2,1) y 

y. = - Y" - 



f|(iA0Ai)' 5 fc 5 4 ! 

£1/2 



^(1,1/2,1/2,1,0) ' 



and recalling the definition (|3.13|) of the function h, the height conditions (|3.9J) . (|3.1l)|) . 
(|3 . 1 1 [) and (|3 . 1 2[) can be rewritten as 



V4 V 5 Ve 
Yi"Y£"Y 8 
We also define the real-valued functions 



< 1. 



dt 4 , 

(*4,t5,ta)<l,t<|t4t5+t6l,|t4m>log(B)' 4 



g x : (t s ,t 6i t;ri,B) ^ \ 

Jh 

92 ■■ (t 6 ,t;ri,B) h+ gi(t 5 ,t 6 ,t;r],B)dt 5 , 

J \t 5 \Yr >\og(B) A 

93 ■ (t;r],B)^ / g 2 (t 6 ,t;rt, B)dt 6 , 

Jt 6 Y B >l 

g4 : 1 i-> / / / dt4dt^dt(i. 

J J Jt 6 >0,h(t 4 ,t 5 ,t 6 )<l,t<\t 4 t 5 +t 6 \ 

The condition t < \t4t5 + t$\ corresponds to the condition (|3.21|) which becomes, in 
our new notations, 



vi < 



Y 4 Y 5 



Y>' Y<> + Ya 



r 4 *5 *6 

We denote by k the left-hand side of this inequality. Note that the condition (|3.2(jp 
is exactly k < 2. 

Lemma 15. — We have the bounds 

g x {h,t 6 ,t\ri,B) < \h\~ 2/ % V \ 

g 2 (t 6 ,t;r ) ,B) < ^ 2/3 . 

Proof. — Recall the definition (|3.13p of the function h. To begin with, we see that 
the condition |^4^5 + te\ < 1 shows that £4 runs over a set whose measure 
is < \t 5 \-^% x . Then, since we also have ^4^5 < 1, we can derive the bound 

g x {U,t 6 ,t;r),B) < min \ ]* 5 1 _ 1 ) < \h\~ 2, % 2 '* ■ The bound for g 2 

immediately follows since \t$\ < 1. □ 

It is immediate to check that r\ is restricted to lie in the region 

(3.25) v = {f)ez^,y 5 >io g (B) A ,y 6 > i,2Y 4 y 5 > v 2 }. 

Assume that r) £ V and r\§ £ Z>o are fixed and satisfy the height condition (|3.10[) 
and the coprimality conditions (|3.5[) . (|3.6p . (|3.7p and (|3.8p . 

Our next task is to estimate C(rj',B). Recall the condition (|3.24p which can be 
rewritten as [775 < Y4Y5 \og(B)~ A . Let us sum over rfl using the basic estimate 
#{n £ Z, t\ < n < t 2 } = t 2 — t% +0(1). The change of variable t 4 i-> Y"t 4 shows that 

YfY, 



C{ V ',B) = Y, [Y^g 1 [^ F ,f,K;n,B)+0{l) 
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The overall contribution of the error term is 



Z Z „(0, 1/2, 1/2,0,1) ^ Z^ Z Z 



„(0, 1/2,1/2,0,1) Z-^t ^(1, 1,1, 1,1) 

' rj ' 



< S log(S) 



12— A 



where we have summed over rjQ using (|3.1Up . Let us now sum over r}§. Partial 
summation and the change of variable £5 1— >• Y^'t^ yield 

C( V ',B) = Yl%'g 2 (?g-,K;ri,B) +0 (V 4 " sup g x (t 5 , ^,k;t),b\ ] . 

V y 6 / y \t 5 \Y 5 >\o S (B)A V r 6 yy 

Since h(t4,t 5 ,t 6 ) < 1 implies |i 4 i 5 1 < 1, we have gi(t 5 , t 6 , i; 77, _B) <C l^sl -1 and thus 



\t 5 \Ys>lo s (B)A 



sup gilt 5 ,£-, K ;ri,B) < F 5 log(S) 



Summing over rjQ using (|3.1Up . we see that the overall contribution of this error term 
is 

Z^ Z Z „(0, 1/2, 1/2, 0,1) ^ Z^ Z Z „(1, 1,1,1, 



\1-A 



^(0,1/2, 1/2,0,1) ^ „(1, 1,1, 1,1) 

« Slog(S) n - A . 
Recalling lemma [TH for any fixed A > 10, we have obtained 

V9 \Y e J f-" k 8 ip*{k s r] 9 ) /-^ fc 4 

gcd(fc 8 ,jj 7 ) = l gcd(fc 4 ,fc 8 7; 9 ) = l 

L — ^ ir ^ -^+^(1,5), 

gcd(fc 5 ,fc 8 T7 9 ) = l 

where Riiv' > B ) ^ £>log(i?) 2 . A straightforward calculation reveals that the 
main term of N(rj', B) is equal to 



^*(gcd(?76,r?i?72?77)) ^*(gcd(r/ 6 , 771^3777)) \Y 6 J 779 

where 

<p*(gcd(?72,?7 7 )) 

For fixed rj S V satisfying the coprimality conditions (|3.6p . (|3.7p and (|3.8p . let N(?7, £?) 
be the sum over rjQ of the main term of N(r)',B), with 776 satisfying the height 
condition (|3.10p and the coprimality condition (|3.5p . Let us use lemma [5] to sum 
over 776- We find that for any fixed A > 10 and < cr < 1, we have 

(3.26) N( V ,B) = -VG( V )g 3 (K;r ) ,B)Y i Y 5 Y e 

(Y4Y5 
-^fcw)^ sup g 2 {t 67 n;r],B) 
7 l9 t 6 Y 6 >l 

where 

8(77) = 0(r])(p*(ri2r] 7 r] 9 )(p 1 (r] 3 )ip'(r] l T]2r] 3 r]7r] 9 ), 
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and where tp>, ip', ip a and V are respectively introduced in (|2.36p . (12.37p . ()2.38|) and 
(|2.39[) . Using the bound of lemma IT51 for (72 and choosing a = 1/4, we see that the 
overall contribution of the error term is 

E<M^ 7 %)-^y 6 11/12 « Vaimmm) (0 ,i,i,i,i) 

?7 »72,»?3,»77,»79 

« Slog(B) 4 , 

since ^? CT has average order O(l) and where we have summed over rji using Yg > 1. 
Note that 



779 ^(1,1,1,1,1)- 

The aim now is to remove the conditions |t4|Yi, | tails > \og(B) A from the integral 
defining 33 in the main term of N(t7, B) in (|3.26[) and to replace t^Y^ > 1 by t$ > 0. 
This will replace 33 (ft; 77, £?) by g 4 {n) in the main term of N(t7, B) in (|3.26[) . This is 
more subtle for t 4 than for tg and tg. Indeed, since Y5 > \og{B) A and F 6 > 1, 

we can 

prove that the conditions |fg| < \og{B) A /Y^, and < 1/Yg in the integral both yield 
a negligible contribution. However, we do not have Y4 > log(B) A so our reasoning 
consists in proving that the contribution corresponding to Y4 < \og(B) A is negligible, 
which will allow us to assume that Y4 > log(B)^ and therefore conclude as for t$ and 
tg. For brevity, we set 

D h = {(t 4 ,i5,t6)eK 3 ,£ 6 >0,/i(<4,i 5 ,i6)<l}. 
Lemma 16. — For Z 4l Z^,Z^ > 0, we have 



1/4 
4 ? 



(3.27) meas{(t 4 ,t 5 ,tg) eD h ,\t 4 \Z 4 > 1} < Z, 

(3.28) meas{(U,t 5 ,t 6 ) £D h ,\U\Zi<l} < Z 4 ~\ 

(3.29) meas{(t 4! t 5 ,t6) S^JtslZs < 1} « Z~ 1/3 , 

(3.30) meas{(t 4 ,t 5 ,t6) G D h ,t 6 Z 6 < 1} < Z~ 1/3 . 

Proof. — The conditions |t4|t§|t 4 t5 + tg| < 1 and |i 4 ts| < 1 show that £5 runs over a 
set whose measure is <C min (t^ 2 tg~ 2 , l^l" 1 ) < |t4 1 — 5//4 t 6 1 ^ 2 , which proves the bound 
(pHT)) since t 6 < 1. The bound ([3~^5]) is clear since |t 5 |,t 6 < 1. The bound ([3~!?9")) 
follows from the bound of lemma [TS] for g\ and tg < 1. In a similar way, (|3.30|) is a 
consequence of the bound of lemma IT51 for g\ and |tg| < 1. □ 

Using the bound (|3.29[) . we see that removing the condition \t^\Y^ > log(B)" 4 from 
the integral defining 53 in the main term of N(r/, B) in (|3.26p yields an error term 
whose overall contribution is 

5>i?/»y 6to g(fl)*/» « £ 

« Blog(i?) 4 , 

where we have summed over r\\ using Yg > log(_B)' 4 . In a similar fashion, the bound 
(|3.30[) shows that replacing the condition tgYg > 1 by tg > in the integral defining 
<?3 in the main term of N(r;, -B) in (|3.26J) also creates an error term whose overall 
contribution is <C Blog(B) 4 . 
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We now assume that Yi < \og(B) A and we bound the contribution of the main term 
of N(tj, B) under this assumption. The bound (|3.27[) shows that this contribution is 

£n 5/4 wog(*r A/4 « E 

< B\og(B)\ 

We can therefore assume from now on that 

(3.31) F 4 > log{B) A . 

Under this assumption, exactly as for t$ and t^, the bound (|3.28[) shows that the overall 
contribution of the error term created by removing the condition |^4 1>4 > \og(B) A 
from the integral defining 53 in the main term of N(r],B) in (|3.26p is <C .Blog(-B) 4 . 
We have proved that for any fixed A > 9, 

(3.32) N( V ,B) = Vg^—l—efa) + R 2 ( v , B), 

where J2 V ^siVt B) ^ B log(-B) 4 . The goal of the following lemma is to replace gi{K) 
by 514(0) in the main term of N(tj, B) in (j3~52")l . By (|5Ti|) . g 4 (0) is equal to 

te>0,h(U,t 5 ,t 6 )<l * 

Lemma 17. — For t > 0, we have 

(3.33) meas{(i 4 , t 5 ,t 6 ) e D h , \t 4 t 5 + t e \ < t} « i 1 / 2 . 

Proof. — The conditions ^Itglt^is + t§\ < 1 and \t4t5 + t&\ < t imply that £4 runs 
over a set whose measure is <C min (^l -1 / 2 ^ 1 , i|<5| _1 ) < t 1 / 2 \t$\~ 3 /H e 1 ^ 2 , which 
suffices since ^5)^6 < 1- d 

Let us estimate the overall contribution of the error term which appears if we 
replace g±{K) by 34(0) in the main term of N(rj,B) in (|3.32|) . Using (|3.33p and 
summing over rjg using the condition (|3.2U|) . we find that this contribution is 

„(i, 1,1,1,1) K 2-i ^(1,1, 1,1,0) 

< Slog(B) 4 . 



We have therefore obtained the following result. 

Lemma 18. — For any fixed A > 10, we have the estimate 

N( V ,B) = {1 £ lthl) e(r,) + R 3 {r,,B), 

where J2 v R 3 (t],B) « Blog(B) 4 . 

3.6. Conclusion. — Recall the definition (|3.25p of V. It remains to sum the main 
term of N(?7, B) over the r\ 6 V satisfying (|3.31J) and the coprimality conditions (|3.6|) . 
(|3.7p and (|3.8J) . It is easy to see that replacing {tj e V, (|3.31J) | by the region 

V = {tiez« 0) y 4 >i,n>i,v 6 >i ) y 4 y5>»?g}, 

produces an error term whose overall contribution is -C B log(S) 4 log(log(£?)). Let us 
redefine as being equal to zero if the remaining coprimality conditions (|3.tjJ) . (|3.7J) 
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and (|3.8p are not satisfied. Fixing for example A = 1 and combining lemmas If 31 and 
\TE[ we obtain 

N UuH {B) = Vu^B J2 +0{B log(B) 4 log(log(B))) . 

Set k = (fei, ^9) and define, for s £ C such that 3?(s) > f , 

F{s) = y l(6*/*)fo)| 
£^ V1V2V3V7V9 



n e 

p \ kez| c 



| (e * fi) (p ki , p k2 , p k3 , p kr ,p ks )\ 



If k ^ {0, f} 5 then (6 * /u) (p kl , p k2 , p ks , p kr , p k9 ) = and furthermore if only one of 
the ki is equal to f , then (6 * fi) {p kl , p k2 , p k3 , p kr , p kcj ) <C l/p, so the local factors F p 
of F satisfy 

F p (s) = l + O 



pinin(SR(s) + l,2Jf(s)) 

and thus F actually converges in the half-plane 5ft(s) > 1/2. This proves that Q 
satifies the assumption (|2.40|) of lemma [SJ We therefore get 



N, 



H (B) = V^al 2 ( ,uff ) ^log(i3) 5 + Q (51og(i3) 4 log(log(i3))) , 

where a is the volume of the polytope defined in M 5 by t%, t%, *3, t?, *g > and 

2ii + 3* 2 - t 3 + 4* 7 + 2* 9 > 1, 

tl + 2* 2 + 2t 7 + tg < 1, 

2*i + * 2 + * 3 + 2t 7 < f, 

*2 + *3+4* 9 < 1. 

A computation using Franz's additional Maple package |Fra09j gives a = 1/1440, 
that is to say 

a = a(Vi), 

and moreover 

Z-^i jo(l,l,l,l,l) 11 / J pkipk 2 pk 3 pk 7 pkg 

r,&l P ' J ' J 



TT(l--V( V e (P kl >P k2 >P k3 >P kv > P k °) 



79 / 1 t ^ 79 1 Z? T) TJ TJ 

' ' 1 kez R * ' J ' 

We omit the details of the calculation of the sum of the series of the right-hand side, let 
us just say that the remaining coprimality conditions greatly simplify the calculation. 
We obtain 

e(pfci ) pfc2 ) pfc 3) pfc7 ) pfc,) = / ^ 1 \ / e i_\ 
p k lp k 2p k 3p k 7p k 9 <P\P)y p) \ p p 2 J ' 
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4. Proof for the Ai + A2 surface 

4.1. The universal torsor. — We now proceed to define a bijection between the 
set of points to be counted on U2 and a certain set of integral points on the affmc 
variety defined by (|1.5p . Our choice of notation might be surprising but our aim is 
simply to highlight the similarities with the case of the 3Ai surface. Note that for a 
given {xq : x\ : X2 '■ x 3 : X4) <E V2, we have (xq : x\ : X2 ■ x 3 : £4) £ U2 if and only if 
X0X1X2X3X4 ^ 0. Let (xq, xi, X2, x 3 , X4) £ Z^ be such that gcd(xo, x%, X2, x 3 , X4) = 1 
and 

XqXi - x 2 x 3 = 0, 
X1X2 + X2X4 + X 3 X4 = 0, 

and max{|xi|, < i < 4} < B. Define = gcd(a;o, x%, X2, x 3 ) > and write Xi = 64 
for i = 0,1,2,3. We thus have gcd(6,^4) = 1 and gcd(x[), x[, x' 2 , x' 3 ) — 1. Now let 
£3 = gcd(xQ, x' 2 , x' 3 ) > 0. Since gcd(6,£i) = 1, it follows that ^\x' Q and we can write 
x'a = ^x'j for j = 2, 3 and x' = £ 3 x'q. Moreover, we have god^a^',:^',^') = 1- 
Let 6 = god^',^') > and write a# = 66 and x' 3 ' = 62/3 with gcd(£ 4l y 3 ) = 1. 
The first equation can be rewritten as 64 = x'^yz- Since gcd(^4,?/3) = 1, we have 
£4 and we can write x' 2 ' = 62/2 and thus x\ = 2/22/3- Let us sum up what we 
have done until now. We have been able to find (6, $3; 6i 6; 2/3, 2/2) £ Z> x Z^ 
such that gcd(£_ 6 ,x 4 ) = 1, gcd(£ 3 , 2/22/3) = 1, gcd(6, £42/2) = 1, gcd(£ 4 ,7/ 3 ) = 1 and 
xq = 66;66, xi = 62/22/3, x 2 = 6662/2, x 3 = 666?/3- Simplifying by 66, the 
second equation gives 

62/22/36 + £4(62/2 + 62/3) = 0. 

Let y 2 3 = gcd(?/2,2/3) > and write y 2 = 2/236, 2/3 = 2/236) with gcd(6,6) = 1. We 
obtain 

6?/23^66< + X 4 (66 + 66) - 0. 

Since gcd(66,66) = L it is obvious that 66?6l a; 4' Writing x 4 — ^4^5^9X4, the 
equation becomes 

62/13 + 4(66+66) = 0. 

We now see that since gcd(6, 4) — 1, we have £4 1 2/23 and thus there is a unique way 
to write y 2 3 = 666 and x' 4 = with gcd(6,6) = 1 and £ 2 > 0, 66 > 0. This 
leads to 

(4.1) 66 + 6 2 66 + 66 = o, 

and we have finally found x = 6j666, %i = £i6?666^6, x 2 = 6666666> 
x 3 — 6666666 j x 4 = 6?66?66 and a little thought reveals that, given the 



and thus 



which completes the proof. 



77(1,1,1,1,1) 
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equation (|4.ip . the coprimality conditions can be rewritten as 

gcd(£ 4 £ 5 ,£i£ 6 £7) = l, 

gcd(£ 4 £ 5 ,£ 8 £9) = 1) 
gcd(Cl^7,^9) = l, 
gcd(6, 66^4^6^) = 1, 

gcd(6,^&^9) = 1, 
gcd(£ 6) £ 7 ) = l. 

Since £i i— )■ — £i is a bijection on the set of solutions, we can assume that £i > 
and thus £7 > 0, keeping in mind that we have to divide our result by 2. In 
a similar fashion, (£8,£g) ^ ( — 3 — Cq) shows that we can remove the condition 
£s > multiplying our result by 2. To sum up, let % (B) be the number of 
(£1 j £2 , £3 , £4 , £5 , £e , £7 , £s , £9) € such that £1 , £2 , £3 , £e , £7 > and satisfying the 
equation (|4.ip . the coprimality conditions above and the height conditions 

(4.2) 
(4.3) 
(4.4) 
(4.5) 
(4.6) 

Since we have not taken into account that x = — x G P 4 yet, we have finally proved 
the following lemma. 

Lemma 19. — We have the equality 

Nu 2 ,h(B) = \¥h(B). 

4.2. Calculation of Peyre's constant. — We have 

cv 2 ,h = a(V 2 )(3(V 2 )Lo H (V 2 ), 

where (see |Der07j ) 

^ = 2l60' 
^(^2) = 1 since V% is split over Q and 



£ 3 2 l£4l£ 6 |£ 8 | 


< 


B, 


£i£ll£ 5 |£6£?|£ 9 | 


< 


B, 


£;£j£:s £i£r. 


< 


B, 


£i£2£ 3 £6£7|£ 8 £9| 


< 


B, 


£ 2 2 l£4|£ 5 2 £ 7 |£9| 


< 


B. 



p 



6 



where, thanks to [LoulOl Lemma 2.3], we have 



, 6 1 
1 + - + -v. 



Let us calculate r m . Set fi(x) = xoX\ — x 2 x 3 and f 2 {x) — x\x 2 + x 2 x^ + x 3 x^. Let 
us parametrize the points of V 2 by xq, x 2 and 23. We have 



det 



Xq 

X 2 X 2 + X 3 

x (x 2 + X 3 ). 
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Moreover, x\ = X2X3/X0 and x 4 = —x^x^/ (xq (x% + X3)). Since x = x in P 4 , we 
have 

dxodx2da;3 



>XB>0,X2+X3<0,X„,\x2X3/xo\,\x 2 \,\x 3 \,\xlx 3 /(xo(x2+X 3 ))\<l X o( X 2 + %3) 

We introduce the functions 

\U\\Ut 5 +tl\,tl\t 5 \,h\Ut 5 \ 



(4.7) h a : (*4,* 5 ,*i) M- max 

(4.8) h b : (* 4 ,* 5 ,*i) i->. max 



^1 1*4*5 + *ili 1*4 1* 2 



5 

1*4 1, *i |*5 1 1*4*5 + *i|, *1 1*4*5 
*1 1*4*5 + *il; 1*4 1*§ |*4*5 + *i 



The change of variables given by xg — *4(*4*5+*f)j 2:2 = *i*4*5 and X3 = — *i(* 4 *5 + *i) 
yields 

Too = 6 / / / d* 4 dt s d*i 

J J Jt 4 (t4t5+t2)>0 : tl>0,/l a (t 4 ,t5,*l)<l 



(4.9) = 3 / / / d* 4 d* 5 dti. 

Moreover, the change of variables xg = *4, x-i = t\t±t§ and X3 = — *i(*4*5 + * 2 ) gives 
the alternative expression 



6 / / / dt 4 d* 5 dii 

' t i >0,t l >0.h b (t i .t 5 ,t l )<l 



(4.10) = 3 / / / dt 4 d* 5 d*i. 

J J Jti>a.h b {t4-t5,ti)<i 

Let us repeat here that the following proof is very similar to the one before, so we 
will sometimes allow ourselves to be concise. 

4.3. Restriction of the domain. — The following two lemmas are the analogues 
of lemmas [TU] and [TT] respectively. 

Lemma 20. — Let M.2{B) be the overall contribution to Nu 2 _h(B) coming from the 
(£1, . . . ,£9) G TiiB) such that < log(B) for a certain i ^ 1, 2, 3, where A > is 
any fixed constant. We have 

M 2 (B) « A Blog(B) 4 log(log(5)). 

Lemma 21. — Let L±,Li, . . . , Lg > 1/2 and define M2 = M2(L\, L4, . . . , Lg) as the 
number of (711,714, . . . ,779) G Z 7 such that Li < \m\ < 2Li for i — 1 and 4 < i < 9, 
gcd(ri4n5, uiUqUy) = 1 and 

(4.11) 714715 + n\n§n-; + n$ng = 0. 
We have 

M 2 < L^LiL^L^L-jL^Lg) 1 / 2 + L 1 L 6 L 7 mm(L4L 5 , L 8 Lg). 

Proof. — We can assume by symmetry that L4L5 < LgLg. Let us first deal with the 
case where L^L^L^ < L4L5. The equation (|4.11[) gives L$Lg <^C L4L5. Let M' 2 be the 
number of (711, 774, ... , 779) G Z 7 to be counted in this case. The first case of the proof 
of lemma [11] shows that 

M' 2 <C L1L6-L7L4L5. 

In the other case where L^LqLj > L4L5, the equation (|4.11J) gives L$Lg <C L\LqLt. 
Let M 2 be the number of (m, 714, . . . , 77.9) G Z 7 to be counted here. Assume by 
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symmetry that L4 < L5, Lq < and Lg, < Lg. Since gcd(ri4, nine, rig) = 1, using 
[HB03J Lemma 6], we can deduce that 

( Li < \m\ < 2L t ,i e {5,7,9} I isLg 

# I (n 5 ,n 7 ,n 9 ) £ Z 3 , gcd(n 5 , n 7 , n 9 ) = 1 > < 1 + — §— -. 

[ + nfn^nY + n 8 n 9 — J n i n 6 

Summing over Hi, ri4, ri6 and ns, we get 

MS « L 1 L i L 6 L 8 + ^^ 

L\ 

<C L^L^L^L^L^LgLg) 1 ^ 2 + LiL 5 LiL 6 L 7 , 
which ends the proof. □ 

Let us now prove lemma 1201 

Proof. — Let Z t > 1/2 for i = 1,...,9 and define 7V 2 = Af 2 (Z u . . . , Z 9 ) as the 
contribution of the (£1, . . . ,£9) £ Ti(B) satisfying Zj < |^| < 2Zi for i = 1, ... ,9. 
The height conditions imply that either A/2 = or we have the inequalities 

(4.12) ZiZ A Z 6 Z 8 < B, 

(4.13) ZfZ%Z 5 Z 6 Z$Z 9 < B, 

(4.14) Z^Z^Z^ZqZj < B, 

(4.15) Z 1 Z 2 Z 3 Z 6 Z 7 Z 8 Z 9 < B, 

(4.16) ZZZ^ZIZtZq < B. 

Using lemma [5T] and summing over £2 and £3 , we get 

7V 2 < ZiZ 2 Z 3 (-^4Z5^6^7^8-^9) 1/2 + ZlZ2-^3-^6-^7inill(Z4Z 5 , Z 8 Z 9 ). 

Assume that Z4Z5 < ZgZg (the case where Z4Z5 > Z$Zg is identical). Note that the 
torsor equation (|4.1|) then gives Z\Z§Z 7 <C Z 8 Z 9 . Denote by 7V2 the first term of the 
right-hand side and by N% the second term. We proceed to prove that 



Y^K « B\og(Bf 



Zi 

72 > 



Let us first assume that Z(ZqZj < Z±Z§. Summing over 



< 



'Z\' 2 Z1 12 BV2 



(4.17) < 
we get in this case 



I „l/2„l/2' „ 7 l/2„l/2„ „l/2 
\ Z 6 Z 7 Z 2^ 5 ^ 6 ^7^9 , 

Zl /4 B^ 



r,l/2 7 l/2 y 3/A„l/A> 
^2 ^6 ^7 ^9 



^ « B 1 /*T.zl /2 z 3 zt' 4 zt'Vzl' 2 zV< 



1/2 y-1/2 7 l/2 



« B 1 / 2 £ Z 3 Z 4 1/2 Z 7 - 1/2 Z ; 
C B ^ Z^ 2 Zr 1/2 



4 



< Blog(B) 
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where we have summed over Z^ and Z3 using (|4.16p and (|4.12|) . Let us treat the case 
where Z\Z§Zi > Z A Z 5 . Summing over Z2 using (|4.15p . we obtain 

J2K « Bj2zl /2 zl /2 z 6 1/2 z^ 1/2 z- 1/2 z 9 1/2 

z > z 2 

« Bj2 Zl Z^ 2 Z^ 2 



« B Y, Z^Z- 1 ' 2 

4 



« Blog(S) 4 , 

where we have summed over Z4 < Z\Z^ X Z§Z-j and over Z\ <C Z 6 1 ^ 2 Z 7 X ^ 2 Z^ 2 Z\j 2 . 
Let us estimate the contribution of M!{ in the case where Z\Z§Zi < Z4Z5. Summing 
over Zi using (|4.17p . we get 

]rA^' « B^YZ^Z^Z^Z^Z- 1 ^ 



« B £ Z\ /2 ZI /2 Z- 1/2 Z~ 1/2 

Z\ ,Z2,Z3 

« B J2j> 

where we have summed over Z2 and Z3 using respectively (14.16P and (14. 12)) . At 
the last step, we could have summed over Z§ instead of Z4, so if we assume that 
< ^og(B) A for a certain i ^ 1,2,3, where A > is any fixed constant, we get 
an overall contribution <C^ B log(S) 4 log(log(£?)). We now deal with the case where 
ZfZ 6 Z 7 > Z A Z 5 . Summing over Z 2 and Z 3 using (|4.13p and (|4.12|K we get 

« b J2 z\ /2 zl /2 z- 1/2 z- l/2 

^ % Zq_ , Z3 



« B J2 Z.Z^Z^Z-^Z- 1 ' 2 

Z2,Z3,Z^ 

« B ^ £ ^ l 

Z\ ,-^2 ,-^3 

where we have summed over Z4 < Z^Z^" 1 ^^ and over Zi <C Z 6 1 ^ 2 Z 7 x ^ 2 Z^j 2 Z\j 2 . 
We can plainly conclude just as above. □ 

4.4. Setting up. — First, we note that the torsor equation (|4.ip and the height 
conditions (|4.4|) and (|4. 5|) give 

(4.18) £&6£&7 < 2B. 

Our goal is to tackle the equation (|4.ip by viewing it as a congruence modulo £9 if 
1^9 1 < |£s| and modulo £s if 1^9 1 > l£s I, that is why we split the proof into two parts. 
Let N a (A,B) be the contribution to Nu 2 ,h(B) from the (£i,...,£g) S 12(B) such 
that 

(4.19) o<&<|&|, 

(4.20) log^)- 4 < |e*|, 

(4.21) log^)- 4 < 
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where A > is a parameter at our disposal. Symmetrically, let Nf,(A,B) be the 
contribution to Nu 2 ,h(B) from the (£1, . . . ,£9) G % (B) such that 

(4.22) |£ 9 |>£ 8 >0, 

(4.23) \og(B) A < |£ 4 |, 

(4.24) log(B) A < |&|. 

Note that in both cases, combining the conditions (|4.4p and \og(B) A < \£A, we get 

(4.25) \og(B) A ^ 3 \^ 7 < B. 

Since (£sj£g) ^ ( — — £9) is a bijection on the set of solutions, assuming £9 > in 
the first case and £s > in the second brings a factor 2. Thus, by lemmas flUl and |2"01 
we have the following. 

Lemma 22. — For any fixed A > 0, we have 

N U2 , H (B) = N a (A,B) + N b (A,B) + 0{B\og(B)nog(\og(B))) . 

The next two sections are respectively devoted to the estimations of N a (A, B) and 
N b (A,B). 

4.5. Estimating N a (A, B). — We see that the assumption £9 < |£g| and (|4.5|) give 
the following condition which is crucial in order to apply lemma [21 

(4.26) e 9 < 



We first estimate the contribution of the variables £4, £5 and £s- We rewrite the 
coprimality conditions as 



(4.27) 


gcd(&,£i&&&&&) = 1, 


(4.28) 


gcd(f 4 , = 1, 


(4.29) 


gcd(&,^3&C7&) = l, 


(4.30) 


gcd(a ) 6^ 9 ) = i J 


(4.31) 


gcd(^3,6^7^g) = 1, 


(4.32) 


gcd(C 6 ,6C7?9) = 1, 


(4.33) 


gcd(&,6>) = 1. 



We view the torsor equation (|4.ip as a congruence modulo £9. To do so, we replace 
the height conditions (|4.2[) , (|4.5[) and (|4.19p by the following (we keep denoting them 
by (|4.2[) . (|4.5|> and (|4.19p respectively), obtained using the torsor equation (|4.1|) . 

Set £ n = (Cli £2, £3, ^7; £9) £ <^>o- Assume that £^ G Z> is fixed and subject to the 
height conditions (14.18P and (|4.26p and to the coprimality conditions (|4.30p . (|4.3ip . 
(|4.32p and (|4.33p . Let N a (£' a , B) be the number of £4, £5 and £s satisfying the torsor 
equation f4TT|) , the height conditions P~2"j) . flUj) . fOj) . (143)1 and (jl3|) . the conditions 
dSU), (j4~2"0j) . f43T|) and the coprimality conditions (|P7|) . fOSj) and JOSJ). 
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Lemma 23. — For any fixed A > 8, we have 

n(Cb) = 1 E tt4^tt E £ 

gcd(fc 8 ,£ 7 ) = l gcd(fc 4 ,fc 8 £g) = l gcd(/c 5 ,fc 8 £ 9 ) = l 

E Kh)KWCB) + R(CB), 

£4. |fc 8 £9 

where, setting £4 = k^l^l and £5 = k^i^'^, 

63), 63, 631), 63, 63 \ 
^{Sa,v) - #j(4 4 ,4 5 ) 611,621,621]) /' 

«^E C ^'a^)«i?l0g(i?) 2 . 

Let us remove the coprimality condition (|4.27|) using a Mobius inversion. We get 
N(CB) = E M(fc 8 )^ 8 (^,S), 

where 

4 4 4 5 + = 

c /£> p>\ _ u>,t P ^ p7 j 63), 63,631), (ESI), (ESI 

621,6211) 

If gcd(fc 8 ,4i4 6 4 7 ) ^ 1 or gcd(fc 8 ,f 4 £ 5 ) ^ 1 then gcd(4 4 £ 5 , 4i4 6 47) + 1 and thus 
Sk s (£' a ,B) = 0, so we can assume that gcd(fc 8 , 4i444s4647) = 1- We have 

f ^5 = -4i 2 4" 6 4 7 (modfc 8 4 9 ) ] 

o ret m _ np - a 63, 63, 631), 63, 63) I , » m 

[ 621,6211) J 

where the error term i?o(€' a > -B) comes from the fact 4 8 has to be non-zero. Otherwise, 
we would have 4445 = — 4i4e47 an d thus |4~4| = |4s| = £1 = 46 = 47 = 1- Summing 
over £g using the condition (|4.26[) . we easily obtain 

E Hh)\Ro(CB) « siog(i?) 2 . 

Let us remove the coprimality conditions (|4.28p and ()4.29[> . The main term of 
N(£' a , B) is equal to 

£ ^ fc «) E m**) E tikWCB), 

^8 1^2 fc4|£l£2£6?7€9 fc5l£l£3£e£7£9 

gcd(fc 8 ,£i£ 6 £7) = l gcd(fc 4 ,fc 8 £g) = l gcd(fc 5 ,fc 8 £g) = l 

where, with the notations 44 = k^' 4 and 4s = fcs45, 

f 4 4 4s = -(fc 4 fc 5 )- 1 4 1 2 4647 (modfc 8 4 9 ) 

s(£,B) = # U4 4 , 45) ez£ , 63,63,63,63,63 
[ 6211), 621,6211) 

Indeed, we clearly have gcd^fcs, fc 8 4g) = 1 since gcd(fc 8 4g, 4i4e47) = 1- We can 
therefore remove 49 from the conditions on k^ and k$. We now proceed to apply 
lemma |31 To do so, define 

B 



X 



k4k 5 £,l£,2^£,6^7 
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An argument identical to the one developed in the proof of lemma [H] shows that 
assuming that fcg < (A^fcs) -1 / 2 ^ 1 / 6 produces an error term N'(£' a , B) which satisfies 

o \ 1+2E-1/12 / D \ !/2+e 



Choosing e = 1/48 and summing over £3 using (|4.18[) . we see that 



£' Sl,£2,S6,«7 \?1 



5 . 2 "(^ S 



13/12,. ^.25/24^25/24 1 ,.47/24,. ,.71/48 ,.71/48 / 

1 «4e s 7 Si ?2?6 ?7 / 

< £log(£) 2 . 

The assumption fcg < (A^A^)" 1 / 2 ^/ 6 and the condition (|4.26[) prove that we now 
have fcg^g < X 2 / 3 . We apply the first estimate of lemma [3] with L\ — \og(B) A /ki, 
L 2 = \og(B) A /k 5 and T = / (k 4 k 5 ) . We have T < 2X by filfy and k 8 & < X 2 / 3 

thus lemma [3] shows that 

for all e > 0, with 



1 



god(&&fc8£ 9 ) = l 



The Mobius inversions do not play any part in the estimation of the contribution of 
the first error term. Using (|4.26|) to sum over £9, we find that this contribution is 
B vii/12+e B 



E E 

?i,£2,£3,£6,£ 



£t66&&; , ^., 7 ^-^3/12-^13/12-e 

« fllog(fl), 

for s = 1/24 and where we have used (|4.18[) to sum over £3. The contribution of the 
second error term is 

« B \og{B) w - A , 

^ ?1?2?3?6?7?9 

which is satisfactory provided that A > 8. The contribution of the third error term 
is also <C B \og(B) 10 ~ A . Furthermore, we have 

with the notations £ 4 = and £5 = £5^. It is obvious that 

/ X \ 1+£ 
C< t >,B) « (_) . 

Let us use this bound to estimate the overall contribution of the error term produced 
if we remove the condition k% < (k^k^,)^ 1 ^ 2 X 1 ^ from the sum over kg. Writing 
kg, > k^/ 2 (kike,)" 1 / A X 1 / 12 and choosing e = 1/24, we infer that this contribution is 

Y f Q \ 23/24 q 

E To, (fl^ffify j ^ E .13/12^ ^25/24^25/24^ 

< B\og(B) 2 . 
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We can remove the condition gcd(fcs, £1^6 ) = 1 from the sum over k% since it follows 
from k s \^2 and gcd(£i£6,£2) = 1, which completes the proof of lemma 1251 

We intend to sum over £i also. For this, we set £ a = (£2, £3, £6, £7, £9) 6 Z> . We 
also define ^r 3 ,r 6 ,r 7< r s ) = fftfgffff for (r 2 ,r 3 ,r 6 ,r 7 ,r 9 ) e Q 5 . Setting 

V = Bl/3 Y" Yi 

4 >.r-2/a. 4/3. 2/3.-1 ' 4 



£(-2/3,4/3,2/3,-1/3,-1) ' 4 ^ 



^ ^(V3 -2/3 -1/3,2/3,1) ' Y 5 fcg ^ - 

ii 



t(l/3, 1/3,2/3,2/3,0) ' 

and recalling the definition (|4.7p of the function h a , we can sum up the height 
conditions ijOjl . P~4"|) . (|4~5jl and gSl) as 

U 4 "'r 5 "'rJ " 

Note also that the condition (|4.18p can be rewritten as 

We also define the following real- valued functions 

gl : {t 5 ,h,t;£ a ,B)^ [ dt 4 , 

Jft"(t 4 ,t5,«l)<l,t<|t4t5+tf \,\U[ 



m>iog(s)^ 

g a 2 : {h,t;S a ,B)^ [ g<t(t 5 , t x , t; £ a , B)dt 5 , 

J|t5|y 5 >iog(s) A 

g a 3 : {t;i a ,B)^ [ g$(t u *; fl)dti, 

«'ii>0 



g£ : *^ / / / d* 4 df 5 dfi. 

The condition t < \t4t5 + 1\\ corresponds to the condition (|4. 19[) which can now be 
rewritten as 



a < 



til HI / t \ 2 

?4 ?5 , / 4l 



Yl'Y" ' 17! 



We denote by n a the left-hand side of this inequality. 
Lemma 24- — We have the bounds 

g?(t 6 ,h,t;t a1 B) « t^\t 5 \-\ 
g a 2 {t u t-i a .B) « 1. 

Proof. — Recall the definition (|4.7[) of the function h a . The first bound is clear since 
*i|*4*5| < 1< Moreover, the conditions |*4||*4*5 + *f| < 1 and |*4|*| < 1 show that £5 
runs over a set whose measure is <C min (*4~ 2 , |*4| -1 / 2 ). Splitting the integration of 
this minimum over t± depending on whether |t 4 | is greater or less than 1 completes 
the proof. □ 

It is easy to check that £ a is restricted to lie in the region 

(4.34) V a = [^ a GZ 5 >Q ,Y 1 >2-^ 3 ,Y 1 Y 4 Y 5 >^Y 
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Assume that £ a G V a and £1 G Z>o are fixed and satisfy the coprimality conditions 
dOTO . HOB . and dOBll . 

We now proceed to estimate C(£' a ,-B). Recall the condition (|4.25J) which can be 
rewritten as |£ 5 '| < Yif^KjYg" log(i?)~" 4 . Let us sum over £4 using the basic estimate 
#{n G Z, tx < 1 < ^2} = £2 — *l +0(1). The change of variable £4 H> Y" 4 "i4 shows that 

rli „a ( £5 £l 



We see that the overall contribution of the error term is 

^ 2^x^7)2^) * ffig"* « log(S) 13 - A . 

Let us now sum over £g. Partial summation and the change of variable t§ H> Y^'t^ 
yield 



Using the bound of lemma [2H for gf , we get 



sup gl [t 5 ,^,K a ;£ a ,B 



>iog(B) A V *1 



sup ff?(*5, 5) « ^log(B)- A ^. 

The overall contribution coming from this error term is therefore 
2"(fc6»fefr)2"(fa6.) ^ffif } " A « Slog(B) 1 



z .„.-„...,, ...... 

Recalling lemma [531 we find that for any fixed A > 9, we have 



£ 9 " v * V(gcd(ei,6^7)) ¥>*(gcd(£i,&&&)) 



92(^^a^ a ,B)Y 4 Y 5 + R 1 (C,B) 



where 



V*(gcd(6,6))' 



and where Ri(£' a ,B) -C £>log(i?) 4 . For fixed £ Q G V a satisfying the coprimality 
conditions (|4.31[) . (|4.32p and (|4.33p . let N(£ a , £?) be the sum over £1 of the main term 
of N(£' a , B), with £1 subject to the coprimality condition (|4.30[) . Let us make use of 
lemma |5] to sum over £i- We find that for any fixed A > 9 and < a < 1, we have 

(4.35) N(€ 0> B) = ^Pe„(€ )S3 (««;€», ^Jl^Ki 

+0 (^% CT (6k&)*7 sup g a 2 (ti, «„;€„, 5) 

V S9 ti>0 

where 
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Using the bound of lemma [Ml for g% and choosing a — 1/2, we see that the overall 
contribution of the error term is 

« Blog(i?) 4 , 

where we have summed over £7 using Y\ > and used the fact that ip a has 

average order O(l). Note that 

TO = g 

For brevity, we set 

A». = {(* 4 ,* 5 ,*i) gR 3 ,*i >0,/i a (* 4 ,* 5 ,*i) < l}. 

Lemma 25. — For Z±, Z§ > 0, we have 

(4.36) meas{(* 4 ,* 5 ,*i) G Z} h a,|t 4 |Z 4 > 1} < 

(4.37) mcas{(t 4 ,t5,ti) G 2V, |* 5 |^5 > 1} < £5, 

(4.38) meas{(t 4 ,t5,ti) G D h *, \U\Z 4 < 1} < Z~ 1/2 , 

(4.39) meas{(t4 ) *5 ) *i)GDfc.,|t B |^B<l} « ^T^ 2 - 

Proof. — First, the conditions *i|t 4 *5| < 1 and *i|* 4 *5 + 1\\ < 1 show that we always 
have *f < 2. Using |*4 1 ^4^5 + tf | < 1, we see that t$ runs over a set whose measure 
is <C I ^4 1 2 and thus integrating over t\ using t\ < 2 gives (I4.36[) . Since |*4|*5 < 1, 
we see that £4 runs over a set whose measure is <i 5 2 . Integrating this over t\ using 
tf < 2 leads to (|4.37|) . Furthermore, integrating over t$ using \t4\t\ < 1 and then over 
t\ using t\ < 2 leads to (|4.38p . Finally, the condition 1 1*4*5 + i?| < 1 shows that 
*4 runs over a set whose measure is <C l^l -1 ^ 2 and integrating this quantity over *i 
using t\ < 2 proves (|43^|) . □ 

Exactly as in section 13.51 for the case of the 3Ai surface, the bounds (|4.36|) and 
(I4.37P show that if we do not have Y 4l Y^ > log(B) A , the contribution of the main 
term of N(£ Q , B) is <C i?log(_B) 4 . Thus we can assume from now on that 

(4.40) y 4 > log(B) A , 

(4.41) Y 5 > log(B) A , 

and the two bounds (|4.38|) . (|4.39|) therefore show that removing the conditions 
I *4 1 V4 , \t5\Y5 > log(B) from the integral defining g% in the main term of N(£ a ,B) 
in (|4.35[) creates an error term whose overall contribution is <C B\og(B) 4 . We have 
thus proved that for any fixed A > 9, 

(4.42) m a ,B) = Vgt(K a ) ^ 11} Q a ($ a ) + R 2 (£ a , B), 

where E €a ML,B) « B\og{B)\ 
Lemma 26. — For t > 0, we have 

(4.43) meas{(t 4 ,*5,*i) GDfca,|t 4 i 5 +t?| >*} < t~ 3/2 , 



(4.44) meas{(t 4 ,t 5 ,ti) GDfca, |t 4 t 5 <t} < t 



1/2 
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Proof. — First, the conditions [t 4 j|* 4 t 5 + *f | < 1, *i|* 4 * 5 + *f \ < 1 and |t 4 t 5 + tf | > t 
yield t\t 4 \ < 1 and **i < 1. Therefore, integrating over * 5 using \t4\t\ < 1 and then 
over \ti\, ti < * _1 yields (|4.43p . In addition, the condition 1*4*5 + t\ \ < t shows that * 4 
runs over a set whose measure is <§; min (i^l" 1 , | i 5 1 1 / 2 ^ < i 1 / 2 |t 5 | -3 / 4 . Integrating 
this quantity over *5 using *i|*s| < 1 and then over *i using t\ < 2 gives (I4.44|) . □ 

The bound (|4.43p shows that if n a > 1, the contribution of the main term of 
N(£ a , B) is <C B log(_B) 4 , thus we assume from now on that K a < 1, namely 

(4.45) Y A Y 5 > 

Replacing g1{n a ) by g% (0) in the main term of N(£ Q , B) in (|4.42|) therefore produces 
an error term whose overall contribution is ^ Blog(_B) 4 thanks to (|4.44p . Since 
34(0) — Too/3 by (|4.9p . we have obtained the following result. 



Lemma 27. — For any fixed A > 9, we have 

B 

3 tti 

uAene E^^3^ ,B) < Blog(B) 4 . 

Recall the definition (|4.34|) of V a . It remains to sum the main term of N(£ a , B) over 
the £ a G V a satifying (f^T¥D|l . P~4"T) and P~4"5]) and the coprimality conditions (jOT]) . 
P~52"j) and f03|)- It is easy to check that replacing {£ a e V a , (0301), (BSD , 633} by 
the region 

produces an error term whose overall contribution is <C B log(_B) 4 log(log(B)). Let 
us redefine a as being equal to zero if the remaining coprimality conditions (14.3ip , 
(|4.32p and (|4.33p are not satisfied. Lemma [27] proves that for any fixed A > 9, we 
have 



N a (A,B) = V T -fB f fdh\) +0(B\og(B) i \og(log(B))). 



As in section HH)1 B a satifies the assumption (|2.40p of lemma [5] and thus we get 



where a a is the volume of the polytope defined in R 5 by *2, £3, *6i tf, *g > and 

-2* 2 + 4* 3 + 2* 6 - * 7 - 3* 9 < 1, 
4* 2 - 2* 3 ~ * 6 + 2t 7 + 3* 9 < 1, 

* 2 + * 3 + 2t 6 + 2t 7 < 1, 
2* 2 + 2*3 + * 6 + * 7 + 6*9 < 2. 

A computation using [Fra09j gives 



1871 
2016000' 



(4.46) a Q = 

and moreover, as in section [3.61 we get 



thus we have obtained the following lemma. 
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Lemma 28. — For any fixed A > 9, we have 

N a (A,B) = ^a a u H (V 2 )Blog{B) 5 + 0(Blog{B) 4 log{log(B))) . 

4.6. Estimating N b (A,B). — Note that the assumption |£g| > and (I4.5|) yield 
in this case 

B 



(4-47) U < 

We estimate the contribution of the variables £4, £5 and £9. To do so, we rewrite the 
coprimality conditions as 

(4.48) gcdfo,£x6a&£6&) = l, 

(4.49) gcd(&,£i6G,fr&) = l, 

(4.50) gcdfe,66^8) = l, 

(4.51) gcd(6,6^8) = l, 

(4.52) gcd(6,6^s) = l, 

(4.53) gcd(6,6^8) = l, 

(4.54) gcdfe.ee) = 1, 

This time, we want to view the torsor equation (|4.ip as a congruence modulo £s- To 
do so, we replace (|4.3p . (|4.5p . (|4.6p and (|4.22p by the following (we keep denoting 
them by lj4~3]) . (|4~5|) . (|4^|) and (|3~2"2"]) ). obtained using the torsor equation l|4TT]) . 

&&&&& I I < B, 

ei < 

Set £' b = (^1)^2)^3)^6)^7)^8) € Z> . Assume that ^& 6 ^>o i s fixed and satisfies 
the height conditions (|4.18|) and (|4.47|) and the coprimality conditions (|4.51J) , (|4.52[) , 
(|4.53p and (|4.54|) . Let N b (£' b ,B) be the number of £4, £5 and £9 satisfying the torsor 
equation P~Tj) . the height conditions (T4~2"f , (T4~3j) . (TOD, (T431) . the conditions 

P~2"2"1) . P~2"3"l) and (T4~24| and the coprimality conditions !pL"38"]l . (|Q9"|) and (1130)) . 

Lemma 29. — for any /ixed A > 8, we have 

ml,B) - i E E **> E **> 

gcd(fc 9 ,£ 6 ) = l gcd(/c 4 ,/c 9 £ 8 ) = l gcd(fc 5 ,fc 9 £ 8 ) = l 



Y, li{iiMh)C{&,B)+Rfo,B), 
where, setting £4 = k^l^'l and £5 = feg^g^', 

(32), 63), 63), 628,63) 

aW £ € , R{£,' bl B)<_B \og{B) 2 . 

Let us remove the coprimality condition (|4.27p using a Mobius inversion. We get 

fc 9 |«l?3?4«5€ 6 ?7 
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where 

r u& + = 

o r >/ m _ t ,/^ y 3 62), 62), 63), (SSI), 63) 

Note that if gcd(fc 9 , 666) ^ 1 or gcd(£; 9 , £ 4 £ 5 ) ^ 1 then gcd(66, 666) 7^ 1 and so 
Sk g (^b,B) — thus we can assume that gcd(fcg, 66666) = 1- We have 

f 66 = ~6 2 66 (mod fc 9 6) 1 

q (*> M - Jt)(fi c\(=7* S3, 63, 63), 63, (US I , m 

I 632), 63D) J 

where the error term Ro(£' b , B) comes from the fact £ 9 has to be non-zero. Otherwise, 
we would have 66 = —£166 and thus |6I = |6I = 6 = 6 = 6 = 1- Summing 
over using the condition (|4.47p . we easily obtain 

Hk 9 )\R (i' b ,B) « 51og(5) 2 . 

We now remove the coprimality conditions (|4.49|) and (|4.5UJ) . The main term of 
N(£' b , B) is equal to 

J2 M(fc 9 ) £ ^ E tit*)S(£' b ,B), 

gcd(fcg,fi£ 6 £7) = l gcd(fc 4 ,/c 9 J 8 ) = l gcd(fc 5 ,fc 9 £ 8 ) = l 

where, setting £ 4 = fc 4 £ 4 and 6 = £5^5, 

f 66 = -(W"^^ (mod fc 9 6 

= #< (6,6) ez 2 #0 , (JO), 63), 63), 63), 62) 

Indeed, since gcd(fc 9 6, 666) — 1, we have gcd(fc 4 fc 5 , fcg6) = 1. We can therefore 
remove 6 from the conditions on fc 4 and ^5. Everything is now in place to apply 
lemma |21 Set 

X = B 

^566666 

An argument identical to the one given in the proof of lemma [TJ] shows that assuming 
that kg < (kiks) -1 ' 2 X 1 ' 6 produces an error term N'(£' b ,B) which satisfies 

/ d \ l+2e-l/12 / R \ V2+e 

E^>*) « ( FTTFt) +2 ^ 3) (f7T77 

e V?1S2S3?6?7/ \?l42?346?' 

Choosing e = 1/48 and summing over £2 using (14.18[) . we get 



J2N>(t' b ,B) « J2 (V 



13/12 1 e 25/24^.25/24 1 tf 47/24^- tf 71/48 f 71/48 I 

1 i-!s(, ?7 SI 4"3s"6 6 / 

<C Blog(S) 2 . 

The assumption fc 9 < (^fcs)^ 1 / 2 ^: 1 / 6 and P~4"7|) give fc 9 6 < X 2 / 3 . We proceed 
to apply the second estimate of lemma [21 Set as in the first case L\ = log(-B) A /fc 4 , 
L 2 = \og(B) A /k 5 and T = £ 2 66/(M5)- We have T < 2X by Gttty and fc 9 6 < X 2 / 3 
thus lemma ;3 i shows that 

/ V"4/5+e v 

S(g b ,B) = S*(Z' b ,B) + o' 



(fc 9 6) 7 / 10 ^96) Vog(B) A ]og(B) 
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for all e > 0, with 

1 f gcd(£&,*9&) = l 

s *(Zl B ) = -jrT\* \ € z%, (S3, 0,631), 63), (US 

i mn, (nm, gup 



Using (|4.47[) to sum over £g, we obtain that the contribution of the first error term is 

B N 19/204 - 



for e = 1/40 and where we have summed over £3 using (|4.18[) . The contributions 
of the second and the third error terms are easily seen to be both <C B \og(B) 10 ~ A , 
which is satisfactory if A > 8. Furthermore, we have 

S*(&B) = J2 p(M E M(4)C(^,fl), 

where we have set £ 4 = £4,^ and £5 = £5^5 . It is plain that 

X 



Let us use this bound to estimate the overall contribution of the error term produced 
by removing the condition fcg < (fc^s) -1 / 2 ^ 1 / 6 from the sum over kg. Writing 
fcg > ky 2 {k^k^)^ 1 ^ X 1 / 12 and choosing s = 1/24, we see that this contribution is 

1 / R \ 23 / 24 

Er (tTTTt) « Blog(B)2 ' 

as in section 1431 We can remove the condition gcd(fcg, ^1^7) = 1 from the sum over 
fcg since it follows from fcg|^3 and gcd(£i£7, £3) = 1. This ends the proof of lemma 1291 
We intend to sum also over £1 and we therefore set £ b = (£2, £3, ^6, 6^ £s) S Z> . 
We also set, = g.g'.g.g.g. f or (r 2 , ri ,r B ,r 7 ,r,) E Q 5 and finally 



£(0,2,1,0,1)' 4 

.(-2/3,4/3,2/3,-1/3,1) v 

V — V" — 5 

15 _ Dl /3 ' 1 

Yi 



SV3 ' 5 fc 5 £ 5 ' 



tf (l/3,l/3,2/3,2/3,0) ' 

Recalling the definition (|4.8[) of the function /i b , we can sum up the height conditions 
(EPD , (gSD , (H3||, g3| and g2| as 

$ a 



^ ii iL £ < 1 



Note that, as in the first case, the condition (|4.18p can be rewritten as 
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We also introduce the following real-valued functions 

g\ : (t 8s ti,*;€ 6 ,B)i-> / dt 



4, 

|,|t 4 |l4>log(S) 



9l 



(t 8s *i s *;€ 6 ,B)i-> / 

i/l i, (t 4 ,t5,tl)<l,*<|t4t5+ti 

{t u t;£ b ,B)^ [ gl(tB,ti,t;t b ,B)dt B , 

J \t 5 \Y 5 >log(B) A 

g\ : (t;£ b ,B)>-> f g b 2 {t u t; £ b , B)dt u 

Jt!>0 

g\ : t\+ [ [ [ dt 4 dt 5 dti. 

J J Jt 1 >a,h b (u,t 5 ,t 1 )<i,t<\t i t 5 +t 2 1 \ 

The condition t < \t4t5 + 1\\ corresponds to the condition (|4.22p which can now be 
rewritten as 

tn hi / /■ \ 2 



* < 



Yi'Yl' ' \Y, 



Y 4 Y 5 

We denote by n b the left-hand side of this inequality. 
Lemma 30. — We have the bounds 

g\{t b ,tx,m b ,B) < *r 1 l*5l _1 , 
g b 2 {t x ,t;Z b ,B) < 1. 

Proof. — Recall the definition (|4.8|) of the function h b . The first bound is clear since 
* 1 1 *4*5 1 < 1- For the other one, the conditions |i 4 | < 1 and lijjtf^is + tf| < 1 show 
that i 4 runs over a set whose measure is <C min (l, £5|~ 3 / 2 ). Splitting the integration 
of this minimum over t§ depending on whether \t§\ is greater or less than 1 provides 
the desired bound. □ 

It is immediate to check that £ b is restricted to lie in the region 

(4.55) v b = {^ez 5 >0 ,y 4 >iog(i?)' 4 ,yi>2- 1 / 3 }. 

Assume that £ b G V b and £1 G Z>o are fixed and satisfy the coprimality conditions 
63T]) , 633), and (1431) . 

We now turn to the estimation of C(£ fc ,5). Let us sum over £4 using the basic 
estimate #{« G Z, ii < n < t 2 } = t 2 — ti + 0(1). The change of variable £4 i-> Y^'i4 
shows that 

C(&,B) = J2 (nV(^,|-,«6;€6,-B)+0(i) 

i^'i<n?r 1 ^Y 5 "io g (s)-4 v v 5 1 

The overall contribution of the error term is 

^ 2 "«^^-^)2"«3fa) ^°g(^)~ A « log(S) 12 - 4 . 

Let us now sum over £5. Partial summation and the change of variable ts n> Yg'is 
yield 

<7(& B) = YiX'92 ( «i! €&, s ) + ° ( y " sup jtf ft 5 , Kb ; £ 6 , J ■ 
V y i / \ |t 5 |n>io g (s)^ V *i // 

Using the bound of lemma [3D] for , we get 



sup 

|t s |l5>log(B)^ 



Y 
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The overall contribution coming from this error term is therefore 



^yfete^yfe^ M « Blog(B) 



13-A 



.(1,1,1,1,1). 

Recalling lemma [221 we nn d that for any fixed A > 9, we have 



£ 8 ^ V(gcd(£i,k&&)) 
where 



V*(gcd(&,e 6 ))' 

and where X^, #i(4"b, s ) < Slog(B) 4 . For fixed £ b e V b satisfying the coprimality 
conditions (|4.52p . (|4.53p and (|4.54|) . let N(£ b , B) be the sum over £i of the main term 
of N(£' b ,B), with £i subject to the coprimality condition (|4.5f p . Let us make use of 
lemma [5] to sum over £i. We find that for any fixed A > 9 and < cr < 1, we have 

(4.56) N(£ 6 ,B) = ^e 6 (&)s§(K i; €6,5)^1^1 

+0 f^pV^^Ff sup gl(ti,Kbit b ,B) 

\ 48 ti>0 

where 

Using the bound of lemma 1501 for g\ and choosing a — 1/2, we see that the overall 
contribution of the error term is 

E^fe6c 8 )^p^ 1/2 « £ <p*foz&) (lil g li0>1) 

« Blog(i?) 4 , 

where we have summed over £7 using Yi > 2" 1 / 3 . Note that 

Y^Yi = B 

For brevity, we set 

D hb = {(t 4 ,* 5 ,*i) eR 3 ,*i > 0,/i b (* 4 ,* 5 ,*i) < !}■ 
Lemma 31. — For Z±,Z§ > 0, we /iai>e 

(4.57) meas{(* 4 ,* 5 ,*i) G D^M^s > 1} < ZlJ 2 , 

(4.58) meas{(* 4 ,* 5 ,*i) G D^, \U\Z A < 1} < Z~ 1/3 , 

(4.59) meas{(* 4 ,* 5 ,*i) G D^, |i 5 |Z 5 < 1} < Z^ 1 . 

Proof. — As in lemma 1251 we have t\ < 2. The condition |*4|*f |*4*s + *?| < 1 shows 
that ti runs over a set whose measure is <C | ^5 1 3/ 2 an d integrating this over t\ -C 1 
yields (|4.57p . Concerning (|4.58p . we split the proof into two cases depending on 
whether |* 4 * 5 + t\\ is greater or less than i^ 1 / 3 . If 1*4*5 + t\\ > |* 4 | 1 / 3 , the condition 
|* 4 |*5l* 4 *5 + *f I < 1 gives |* 4 | 4 / 3 *5 < 1 and integrating over * 5 using this inequality 
and over t\ -C 1 gives the result. In the other case, *5 runs over a set whose measure 
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is <C |t 4 | 2 ^ 3 and integrating this over t\ <C 1 also gives the result. Finally, the 
statement (I4.59[) is an immediate consequence of jt^l < 1 and t\ -C 1. □ 

As in section 15751 the bound (|4.57p shows that if we do not have Y$ > log(i?) A , 
the contribution of the main term of N(£ b , B) is <C B\og(B) 4 . Thus we can assume 
from now on that 

(4.60) Y 5 > log(B) A , 

and since we also have Y" 4 > \og(B) A , the two bounds (|4.58[) and (|4.59p prove that 
removing the conditions | i 4 1 "V4 , isl^s > \og(B) A from the integral defining in the 
main term of N(£ & , B) in (|4.56|) produces an error term whose overall contribution is 
■C B\og(B) 4 . We have thus proved that for any fixed A > 9, we have 

(4.61) N(£ 6JJ B) = Vg h M ^rj^ Q ^b) + MSb, B), 

where ^ R 2 ^ b ,B) « Blog(B) 4 . 
Lemma 32. — For t > 0, we have 

(4.62) meas{(t 4 ,t 5 ,ii) e Dy. , |t 4 t s + *? I > < i~ 3/2 , 

(4.63) meas{(t 4 ,t 5 ,ti) 6 ^V, |t 4 t 5 + i 2 | < i} < i 1/2 . 

Proof. — For the bound (g752]), the conditions *i |*4*s + £ 2 | < 1, | i 4 1 i § |*4^s + £ 2 < 1 
and I ^4*5 -h i 1 1 > t give t\t < 1 and |£ 4 |i 2 £ < 1. Integrating over t$ using this inequality 
then over |t 4 | < 1 and over i 4 using tit < 1 yields (|4.62|) . For (|4.63p . the conditions 
t 2 |^5||<4<5 + t\\ < 1 and 1*4*5 + 1\\ < t show that t& runs over a set whose measure 
is < min (^ 1 |t 4 |" 1/2 , i|t 4 |" 1 ) < i 1 / 2 ^ 1 / 2 ]*^ -3 / 4 . This concludes the proof since 
il,|t 4 |<l. □ 

The bound (|4.62[) shows that if k& > 1, the contribution of the main term of 
N(£ h , B) is <C -Blog(_B) 4 , thus we assume from now on that n b < 1, namely 

(4.64) y 4 y 5 > cl- 

Replacing 3 4 (k&) by <? 4 (0) in the main term of N(£ b , £?) in (|4.61|) therefore creates an 
error term whose overall contribution is <C £?log(£?) 4 . Since <7 4 (0) = Tqo/3 by (|4.10|) . 
we have obtained the following result. 

Lemma 33. — For any fixed A > 9, we have 

m b ,B) = r T -f ,J xl ^ b {i b ) + RM b ,B), 

where £^ « Slog(B) 4 . 

Recall the definition (|4.55p of V&. It remains to sum the main term of N(£ 6 , B) over 
the i b G Vb satisfying (|4.6U|) and (|4.64p and the coprimality conditions (|4.52|) . (|4.53p 
and (|4.54p . It is easy to see that replacing {£ b E Vb, (|4.6L)p . (|4.64p | by the region 

V b = {^ez« 0l y 4 >i J n>i,n>i,i4i r 5>^}, 

produces an error term whose overall contribution is <C B log(i?) 4 log(log(_B)). Let 
us redefine 0;, as being equal to zero if the remaining coprimality conditions (|4.52p . 
(|4.53p and (I4.54fl are not satisfied. Lemma [33J proves that for any fixed A > 9, we 
have 

N b (A,B) = V T -fB .(tw) +Q(glog(B) 4 log(log(B))). 
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As in section 13.61 0;, satifies the assumption (|2.40p of lemma [5] and thus we get 
N b {A,B)=V T -faA ]T ) B\o g (Bf + O {B\o g ( B y log(log(5))) 

where a b is the volume of the polytope defined in R 5 by ti, t$, t§, tr, fg > and 

2t 3 + t 6 + t 8 < 1, 
-2t 2 + 4t 3 + 2t 6 - t 7 + 3t 8 > 1, 
t 2 + t 3 + 2t 6 + 2t 7 < 1, 
2< 2 + 2i 3 + t 6 + t 7 + 6t 8 < 2. 
A computation using }Fra09j gives 

Q2Q 

(4.65) a b = , 

v ' 2016000' 

and exactly as in the case of N a (A, B), a calculation provides 

(Si *!«)(&) " " ,! 



€ b ez 5 >0 tb p 
We have proved the following lemma. 

Lemma 34- — For any fixed A > 9, we have 

N b (A, B) = ^a b uj H (v 2 )B log(S) 5 + O (B log(B) 4 log(log(S))) . 

We now fix A = 9 for example. Given the equalities (14.46[) and (|4.65p . we get 

a a + a b = 30(^2), 
and we immediately complete the proof putting together lemmas [221 HE an d CHI 
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